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Deterministic Optimal Control and Value Function

Consider a controlled ODE (deterministic)
dX(s) = f(s,X(s),a(s))ds, s € [t,T],
X(t) =x, a(s) e A

 with regularity condition of f

e Define a cost functional
T

J(t,x;a) = f C(S,X(S),a(s))ds + g(X(T))

t

« Define the value function
v(t,x) =inf J(t,x;a)
a
* v(t,x) is the best achievable future cost starting from state x at
time t
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Dynamic Programming Principle (DPP)

e Bellman principle
« An optimal strategy has the property that whatever happens
in the first short time interval, the remaining part of the
strategy must still be optimal for the new state

e One-step decomposition (small h > 0)
e Let X(-) be the trajectory under control a(-)
v(t,x) =inf J(t,x;a)
a

t+h
= inf U C(S,X(S), a(s))ds + v(t + h, X(t + h))
a Ut
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Dynamic Programming Principle (DPP)

e [ntuition in one sentence
« Optimal cost from (¢, x) = immediate cost over [t,t + h] +
optimal cost-to-go from the reached state att + h

State, x

A
, (T, X(T))
(t x) Optimal path Target Point
Starting /
Point \_\—X/(t*h)
) : Optimal cost-to-go:
Immediate cost | v(t+h, X(t+h))
over [t, t+h] !

» Time, t

t t+h

t+h
igf [f c(s,X(s), a(s))ds + v(t + h, X(t + h))]

 Why this matters
« DPP is the bridge from optimization over paths to a local PDE
condition (via Taylor expansion as h — 0)
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First-Order Hamilton—Jacobi—Bellman Equation

e From DPP + Taylor expansion (formal), v(¢t, x) is a unique
viscosity solution of first-order HJB PDE

d:v(t,x) + Cilrelg{c(t, x,a)+ Vu(t,x) - f(t,x,a)} =0,
v(T,x) = g(x)

e Equivalently,
atv(t, X) + HCtT'l(t' X, Vv) = (
e« where Hamiltonian

Hep (8, x,p) = cilrelg(c(t' x,a) +p-f(tx, a))

« Remark: Even if f, ¢, g are smooth, v often develops kinks
(nondifferentiable) due to optimization over controls; viscosity
solutions capture the correct weak notion
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From Control to Differential Games: Why HJI?

e In robust control / reachability / worst-case planning
e Player | (controller): tries to minimize cost
e Player Il (adversary/disturbance): tries to maximize cost

e This naturally leads to a minimax value function and hence to a
Hamilton-Jacobi-Isaacs (HJI) PDE rather than HJB equation
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Stochastic Differential Game

e Controlled SDE(two player)
dX(s) = f(S,X(S), a(s), b(s))ds + a(s,X(s))dWS,
s € [t,T], X)) =x

e Standing assumptions

- Probability space (Q,F,{Fs}o<s<1) P)

« W.: m-dim standard Brownian motion

* (f,o) are Borel measurable, continuous, uniformly Lipschitz
in x, with linear growth in x

e Uniform ellipticity: oo " > Al for some 1 > 0

e Admissible controls

Ap = {a: 1t, T] > A{F}serer) — adapted},
B; = {b: [t, T] = B {Fs}seper) — adapted}
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Stochastic Differential Game

Cost functional

T
J(t,x;a,b) = E U C(S,X(s),a(s),b(s))ds + g(X(T))
t

e Player | minimizes; Player Il maximizes

Nonanticipative strategies for Player Il
[, ={B: A = B; | B is nonanticipating}
l.e. for dq,adp € c/qt and s € [t, T]

(1) = ax()on|t,s) = Blag](-) = Blaz] on [z, s)

Value function

v(t,x) := sup inf J(¢,x;a,pBlal)
Bel"t aEc/lt
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Viscous Hamilton—Jacobi—Isaacs equation

e Under standard regularity + uniform ellipticity, the value function
satisfies the viscous HJI PDE:

0.v(t,x) + H(t,x,Vv(t, x)) = —%TI‘(O'O'T(t, x)D2,v(t, x)),
v(T,x) = g(x)

e Minimax Hamiltonian and Lagrangian

H(t,x,p) = sup 1nfL(t x,p)(a,b)
be
L(t,x,p)(a,b) = c(fx a,b)+p-f(t,xab)
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Policy Iteration (Idealized Mesh-Free PI: Algorithm 1)

e Policy iteration viewpoint
« Freeze feedback controls (a,, By), solve a linear PDE for v,
then update (a, 8) from v,
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Policy Iteration (Idealized Mesh-Free PI: Algorithm 1)

1. Policy evaluation (linear PDE with frozen policies)
1
0:vn (t, x) + L(t, x, Vo, (t,x)) = —ETr(aaT(t, x)DZ, v, (t,x)),

(T, x) = g(x)
L(t,x,p)(an, Brn) = c(t,x, an, Bn) +p - f (L, X, an, Bn)

2. Policy improvement
« Fix (t,x) and set p = Vv,
« Update (a, ) by a pointwise minimax step

@n41,5(t, %) = argmin L(t, x,p)(a, b)
acA

Bn+1(t, x) = ar;;;rgin L(t, x,p)(ans1,6(E, x), b)
€

aptq1(E,x) = On+1,B,(tx) (t,x)
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PINN-Based Policy Iteration (Algorithm 2)

e In practice, we cannot “exactly” solve the linear PDE at each PI
step, so we use a PINN for policy evaluation

 PINN residual loss for fixed (a,,, B,,)

J(6r)
1 Nint
= atvn(t(j), X(]), Hn) + L(t(]); x(j): an) ((Xn, ﬁn)
Nint =
1 , , : . s
+ Ty (MT(t(n, x ) D20, (D, x); gn))
1 Npc 2
k), _ (k)
+ Nbc; ‘Un (T,xT ,Hn) g (xT )‘
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PINN-Based Policy Iteration (Algorithm 2)

e Hard terminal constraint (for training stability)
Un(t; X, Hn) — g(x) + (T — t)Nn(t; X, Hn)

e Algorithm 2 summary

« Train v, (t, x; 8,) via PINN and compute Vv, via automatic
differentiation

 Update (a;,41, Brn+1) POINtwise in (t, x)
e warm-start 6,,,; < 0,
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Theory: Pl Convergence + Error Control (Practical)

e Exact Pl (idealized)
e Under the regularity assumptions, the exact policy iteration
v,, converges (locally uniformly) to v, the unique bounded
continuous viscosity solution of the viscous HJI

PINN-PI: Let Algorithm 2 produce (#,, &,, B,,). Define the
evaluation residual

1
R, = 0,7, + L(t,x,V¥,) + 5 Tr(co ' DZ,.7,),
= IRyl

e Thereexist C > 0, p € (0,1) such that

sup ||, () —v(t, )l < C(r, + p™)
t€e|o,T]

Stochastic Differential Game | mjgim@nims.re.kr | NIMS & AJOU University



Experiment: 2D Planning with Moving Obstacle

« Controlled SDE: X € R?
dX(s) = (a(s) + b(s))ds + odW;,  |a(s)| < 1,|b(s)| <6

e Cost functional
J(t,x;a,b)

_E U; (Aalla(oIZ + A2¢(s, X (5)) ) ds + A3 | X(T) = xgoa) Hzl

« where the obstacle penalty function ¢ (s, x) is given by
Xohs(s) = (0.5cosms,0.5sinms) "

||x ~ xobs(5)||2>

2e2

¢(s,x) = exp (—
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Experiment: 2D Planning with Moving Obstacle

e Value function

v(t,x) = sup inf J(t,x;a,b)
ﬁel"t aEc/lt
e satisfy the viscous HJI equation

1
0.v(t, x) + H(t,x, Vv(t, x)) = —ETI‘(GGT(L x)DZv(t, x)),

v(T,x) = A5 Hx xgoal”
e with
H(t,x,p) = sup in lrlf[/hlla(S)II2 + A,¢(t,x) +p-(a+b)]
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Experiment: 2D Planning with Moving Obstacle

« The simulation domain to x € [—1,1]?

e The terminal timetoT = 1.0

« =014 =0.1,1, =100, A3 = 10, € = 0.3 and the diffusion
matrix is given by o = 0.1/,

e The target position is fixed at x = (0.9,0.9)
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Experiment: 2N+1 Publisher-Subscriber

« Publisher state x,(s) and subscriber states x;(s), ..., xon(s)
« Controlled SDE: X € R2N+1

dX(s) = f(X(S),u(S), d(s))ds + adW,,
u(s) € R4V, lu(s)| < 1,
d(s) € R?V, d(s)| <1

e The drift term is expressed as
f(x,u,d) = Ax + Bu+ Cd + yY(x)
e where

0
A=ee] —lyysref +alyi, B = [bIZN]
e The rotated disturbance map

- 0 __[cosf —sinf
L= c diag(R(64), ...,R(Oy)) |’ R(8) = [sin9 cos 6
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Experiment: 2N+1 Publisher-Subscriber

The nonlinear interaction

P(x) =

a sin x
—Bxo1an

] °(x°x)

where ° is the Hadamard product
Terminal Cost function

. 2N
g(x) = 5 Nx§ + ijz — Nr?
j=1
e Value function can be decomposable
N
v(t,x) = Z ;i (t, X0, X2i—1, X2;)
i=1

Stochastic Differential Game | mjgim@nims.re.kr | NIMS & AJOU University



Experiment: 2N+1 Publisher-Subscriber
e The Hamiltonian
HG,p) =pTq(x)—=IBTplly + ICplly
 where gq(x) =x = Ax + Y (x)
« For N = 1 (publisher, 2 subscribers), let p = (p,p2, p3) ' and
8= o, €= e
N bIZ ’ B s R(B)

« Then generally H(x,p) is neither convex nor concavein p, i.e,,
—IB"plly + IC plly = =bll(p2, p3) 1 + cllR(O) T (P2, p3)l1
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Experiment: 2N+1 Publisher-Subscriber

e 3D results
PINN PI 1.03e-02 1.16e-03
Direct PINN 1.41e-02 2.95e-03
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Experiment: 2N+1 Publisher-Subscriber

« 5D results

PINN PI 1.46e-02 2.30e-03
Direct PINN 1.83e-02 1.53e-03
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Conclusion

e Stochastic differential games lead to a viscous HJI PDE with a
minimax Hamiltonian

 We use Policy Iteration (PI)
(1) policy evaluation = solve a linear PDE with frozen policies
(2) policy improvement = pointwise minimax update p = V

« PINN-based Pl makes this practical: we approximate each
evaluation PDE by a PINN, use hard terminal constraint, and
warm-start across Pl steps

 Theory-wise, we can control the error by the PINN residual (plus
Pl contraction term)

e In experiments (moving obstacle, publisher-subscriber), PINN-PI
improves accuracy compared to a direct PINN baseline
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