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Topics

¢ Introduction to distributions and flows

¢ Optimal control and dynamic
programming

¢ Stochastic systems
¢ Connection to optimal transport
¢ Schrodinger bridges



Caveats

¢ Very active ML research area
¢ Can only cover a few basic topics
¢ My ignorance about other topics

¢ Physicist POV, sacrificing mathematical
rigor for intuition

¢ Additional resources at KIAS,
e.g. Dohyun Kwon, Yungkyun Noh, ...
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Normalizing flow models



Gen Al paradigm
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¢ Al approaches to model data distribution and generate
new samples as opposed to discriminative models



Data density distributions

rc RN

Probability density function
p(z) =0

¢ Analyzing data distributions in high dimensional feature
spaces 1s critical to Al and ML



Multiple data distributions

(A) Male speaker
How to recognlze speech with this new dusplay
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¢ How to compare and align different distributions?
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Two data distributions

po ()

¢ Given samples from two datasets with no other
information about relations, how to compare them?



Unpaired data translation

X —
~ 0y i

NAX P

B~O 2O

(/1 \.)I J" S WV

=N O

o> A
OPUADPALs
SNbteoc fen
Lok o

BALD P O
VD~ DP-DUND

},{
A
&
4
/.
=
q—
B

NogdS NIl

LD O N R
e

pRUPY LY

NI RN W

NEe
L™~ C

De Bortoli et. al. (2021)

¢ How to map correspondences between two data distributions?



Optimal transport

Monge-Kantorovich: I(Iliﬂ) / dz dy p(z,y)c(x,y)
p(z,y

Constrained
marginals: /,O(CIJ, y)dy = po(z) /P(ma y)dz = p1(y)

po()

p(x,y) } p1(y)
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¢ Optimize joint distribution to find correspondences
between marginal distributions



Image style transfer
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Kolkin et. al. (2019)

¢ Map distribution of image content features with distribution
of image style features



Dynamic transport

po () p1(z)

¢ We also want to understand how samples move (interpolate)
between distributions.



Dynamic flows

v ( Q;) Velocity flow field

/ @/ v:RY 5 RY
/ Particle motion described by
differential equation:

dry = v(xy)dt

¢ Dynamical motion of particles described by
velocity flows and differential equations



Reverse diffusion models

po(z)
Score function: v(t, x) = V log p:(x)

¢ Score function 1s a time-dependent velocity flow mapping
from standard Gaussian distribution to source distribution



Control

v(t, x)
po() p1(z)

¢ Controlling flow from one distribution to another 1is
analogous to steering individual particles to goal positions



Discrete time system

Discrete time deterministic dynamical system:

CCt_|_1—ZCt—|—ftht,’U,t t—Ol T—l
% b/'

State vectors: x; € RY  Control actions: u; € RM

¢ Dynamics describe evolution of state vectors in time



Optimal control

riy1 =x¢ + f(t,xe,uy)  t=0,1,..., T -1
State vectors: Ty € RY Control actions: U € RM

Given initial state T+—g and controls ug.7—1 = Ug, U1, ..., UT—1

we can compute states Iq.7

Finite time horizon cost:
T—1

J(x0,u0.r—1) = ¢(xT) + Z R(t, ¢, u)
=0

¢ Problem of optimal control is to find sequence uo.7—1
that minimizes J(xq, uo.7—1)



Naive algorithm

T—1

J(an uO:T—l) — ¢($T) + Z R(ta Lt, ut)
t=0

min J(zo, wo.7—1)
uo:T7—-1

Evaluate cost function over

- Ug:T—1 = UQ, ULy -, UT—1
all possible control vectors: P ?

Time complexity: O(N})

¢ Exponential time complexity 1s intractable for most
problems



Principle of optimality

¢ Principle of Optimality: An optimal policy has the
property that whatever the initial state and 1nitial decision
are, the remaining decisions must constitute an optimal

policy with regard to the state resulting from the first
decision. (Bellman, 1957, Chap. 111.3.)



Dynamic programming

Node Cost  Previous
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¢ Dijkstra’s algorithm recursively computes cost-to-go
function to determine shortest paths



Optimal cost-to-go

T-1
J(CE(), U’O:T—l) — gb(xT) T Z R(ta L, ut)
t=0
Optimal cost-to-go (value) function:
T—1
V(ta CCt) = min Qb(ZET) + Z R(87 Ls, us)
t:1T'—1 o—1¢

Solves optimal control problem from an intermediate time and states
until terminal time 7

V(T,z) = ¢(x)
V(0,2) = min C(z,u;)

uo:T—1



Bellman equation

Recursion relation:

V(t,x¢) = min {¢(xT) + i R(S,LES,US):|

Ut.T—1
s=t

= min
Ut

R(t,z¢,ur) + min (gb(azT)—l— z—: R(S,ZIZS,US))]

Ut4+1:T—1 11
S—

= min [R(t, 2, us) + V(E+ 1, 2441)]

Ut

— min [R(t, L, Ut) + V(t + 17 Tt =+ f(ta Lt, ut))]

¢ This 1s called the Bellman equation which can compute
the optimal cost-to-go for all intermediate times and states



Optimal control policy

Initialization:
V(T,z) = ¢(z)
Backwards: t=T1T"—1,...,0
uy (x) = arg m@}n R(t,z,u)+V({t+1, x4+ f(t,z,u))]
V(t,z) = R(t,z,uf(x)) + V(I + 1,2+ f(x,u;(x)))
Forwards: t=0,..., 1T —1

le:ﬁ(—l—l — x: - f(ta xza u:(x:))



Linear system example

Quadratic cost function:
T-1

C=x7Qrar + Z r! Qus +u. Ru,
s=0

¢ This 1s called the Linear-Quadratic Regulator (LQR)
control problem



Riccati equation

Quadratic cost-to-go function:

Vt,z) =2 ' P

Initialization: V(T,z) =x'Qrx Pr = Qr
V(t,z) =min [z' Qz+u' Ru+ V(t+ 1, Az + Bu)]

P=Q+A'"P. . A—A"P.,1.B(R+B'P,.1B)"'B'P,. 1A

¢ Recursive solution to Bellman equation for LQR 1s
known as the Riccati equation



Continuous time

Take the continuous time limit: At — 0

Tepne = Te + f(E, 2, up) AL

Deterministic ODE:
dry = f(t, z¢,ug)dl %\/v

Integrated cost:

I (@0, w0r) = Slar) + / dr R(r, x(7), u(r))

¢ Control problem is to find optimal controls u™(?)
that minimize cost



Hamilton-Jacobi

Value function:

V(t,z) = min |R(t,x,u)dt + V(t + dt,x + f(t,z,u)dt)]

u

~ min [R(t, x,u)dt + V(t,x) + 0V (t,x)dt + 0,V (t,x) f (¢, z, u)dt]

u

—0V(t,x) = min [R(t, x,u) + 0,V (t,z) f(t,x,u)]

u

Boundary condition: V (T, x) = ¢(x)

¢ Hamilton-Jacobi-Bellman (HJB) 1s a nonlinear PDE that
solves V(t,x) backwards for all intermediate time and states



Optimal HJB policy

Initialization:
V(T,z) = ¢(z)

Backwards PDE: ¢ =1 — 0
us(z) = arg mu'}n (R(t,z,u) + 0. V(t,x)f(t,x,u)l
-0V (t,x) = R(t,x,u) + 0. V(t,x) f(t, x,u;(x))

Forwards ODE: t=0— 1T

* _



Continuous time LQR

Linear ODE: Tz = Axs + Buy

T
Quadratic cost: J = x; Qrrr + / dr (ZCIQCCT + uI Ru.,)
0
Value function:  V(t,z) =2' Px
Initialization: Pr=0Qr
—P,=A"P,+PA—PBR'B"P,+Q

¢ Continuous-time Riccati equation 1s matrix ODE running
backwards in time



Stochastic dynamics

Stochastic differential equation (SDE) dynamics:
dﬂft — f(t, Lt, ut)dt -+ thwt

Wiener process (Brownian noise):

Cost becomes an expectation over random variables:

J(xg,u) = <¢(xT) —I—/O dr R(t,mt,ut)>



Belief state

SDE dynamics:
dCCt — f(t, Lt, U,t)dt + thwt

Distribution over states:
p(t, )

— - =

¢ Because of stochastic dynamics, need to track
distribution of states (belief state) over time



Fokker-Planck equation

0uplt, ) =~V - [p(t, 2) f(t, . w)] + 514 V(1 )

Continuity equation

Cg‘ - (conservation of mass):
i J
/ e ot v

¢ Fokker-Planck equation describes time evolution of
state distribution



HJB equation

Value function recursion:
Vit,zy) = n%in R(t,xs,up) + (V(t+ dt, xeaae))

<V(t -+ dt, xt+dt)> — /d$t+dtN(xt+dt‘xt7 I/tdt)V(t -+ dt, xt—kdt)

1

(dx) = f(t,x,u)dt <d5172> = v, dt
—o0V(t,x) = mgn [R(t,x, u) + f(t,x,u)0,V(t, x) + %Vtag‘/(:c,t)

Boundary condition: V(T z) = ¢(x)



Efftect of noise

Fokker-Planck (forwards 1n time):
0uplt,2) =~V - [p(t, x) f(t, . w)] + 514 V(1 )
p(0,2) = po(z)
Hamilton-Jacobi-Bellman (backwards in time):

1
—0V(t,x) =min |R(t,z,u) + f(t,z,u) - VV(t,x) + iutVQV(a:,t)

u

V(T7 :I?) — ¢(.CI’J)

¢ PDE evolution of belief state and value function
contain Laplacian terms describe influence of noise



LQG example

x(1)=F(0)x(t)+ G@)u@)+ L(t)w(t)
System State
and Measurement Z(t) = Hx(t)+n(t)

Control Law u(t)=—C@O)X(t)+C,.(1)y.(7)

State Estimate ’A‘(Z) =F()x()+G(H)u(t) + K(t)l:z(t) - H’A‘(t):l
=[F(t)-G®)C(t)-K(t)H %)+ G(t)C, 1)y )+ K()z(t)

Estimator Gain and State o
Covariance Estimate K(t) =P(t)H' N (t)

P(t) = F(O)P(t)+ P(OF (1) + L(1)W ()L (1)- P()H N (¢ HP(t)
*Covariance Estimate. (1) =R"(1)G" (1)S(1)
S(1)=-Q@)-F()"S(¢)-S(¢)F(t)+S(t)G(t)R™'(1)G" (1)S(?)

¢ Linear-Quadratic-Gaussian: Linear dynamics,
Quadratic cost function, Gaussian (Brownian) noise



Static optimal transport

p(T,y)

min /dxdyp(x,y)c(x,y) ﬁ’ oplz,y)

Euclidean distance cost: C(Zl?, y) = Hy — 33H2

Constrained
marginals: /p(:u, y)dy = po(z)
/ p(x,y)dr = p1(y)

¢ Mimnimum gives squared Wasserstein-2 distance between
two distributions



Entropy regularization

min / dz dy p(z, y)|ly — 2|2 +eDsc1[p(x, )l po (2)p1 ()]

p1(y)

’ : K » \

A

e=10 e=1 e=10" e=10"2

¢ Regularization for smooth solutions to optimization



Dynamic formulation

1
ly — | = / dat / D26 (2 — [ty + (1 — B)]) ||
0
1
:min/ dt |12
z(t) Jo

¢ Rewrite Euclidean cost as minimum over paths with
constrained endpoints



Dynamic density distribution

1
/da:dy,o(x,y)Hy—tz =/ Cllt/DZt,O(?fa»7«’15)H7375H2
0

p(t, 2) = /dzv dy p(z,y)d (2t — [ty + (1 — t)x])

\
po(z) N

- pi(y)

0\

\\\ ,O(t, Zt)

¢ Can view time-dependent distribution as marginalization
across diagonal line in joint distribution function



Benamou-Brenier formulation

1
1
min/ dt/§\\v(t,x)\]2p(t,x)dx
0

(p,v)

0
Constraints: a—'z + V- (vp) =0

p(0,z) = po(z)

p(1,z) = p1()

¢ Solution 1s equivalent to Monge-Kantorovich static
optimal transport problem



Benamou-Brenier dynamics

dry = v(t, x)dt

po()

p(t, )

1
1
min/ dt/§\|v(t,x)|\2p(t,w)dx
0

(p,v)



Optimal control

Lagrangian with constraints:

/dt/[ ||vt:v||pt:€)+)\(t:€)<g LV (0 ))]d:r;
/ dt/[ lo(t, )| — (—+V>\ v)]p(t,x)da;

« ox 1
v*(t,x) = VAL, x) E+§HV)‘H2 —

¢ Optimal flow field 1s gradient of value function
satisfying HIB equation



Schrodinger problem (1931/32)

Erwin Schrodinger

¢ How to discover forces on hot gas particles consistent
with observed particle distribution?



Schrodinger bridge

SDE dynamics: dry = v(t, x)dt + €;dwy
min/ dt/—Hvt z)||*p(t, x)dx
(p;v)
1 2,
Constraints: 8_ + V- (vp) — §etV =0

¢ Optimize flow field with Fokker-Planck equation
constraints and 1nitial and final distributions



Schrodinger bridge dynamics

dry = [vg(t, x) + v(t, x)|dt + edwy

p(t, z)

¢ Dynamics include prior on flow field and stochastic
Brownian noise



Entropy regularized solution

mm/dt/—”vta:HQta: 2
(o) win [ dzdy p(a,y) |y |

p(z,y)

E PV (o))~ 5aVPp=0 <= +eDicp[p(z, ) oo(z)pr (1)

¢ Schrodinger bridge 1s equivalent to entropy-regularized
optimal transport



[terative projection methods

P(E™)

p(0,z) = po(z)
/0(1733) — pl(x>

¢ Iterative Proportional Fitting (Sinkhorn) algorithm
alternatively projects distribution onto initial and final
marginal constraints (half-bridge solutions)



Applications

(a) Cat — Wild (b) Wild — Cat

De Bortoli et. al. (2024)
Yo dX; = [fi + g7V 1og ¥y (X,)]dt + g, AW, X

X+ dX, = [f; — g;V log U, (X,)]|dt + g, AW, Ko

Diffusion Schrédinger Bridge Models (DSBM) }—> M R
L1 et. al. (2025)

O
—




Summary

¢ Unpaired data translation problem

¢ Optimal flow control to transport one
distribution to another distribution

¢ Relationship between entropy-
regularized optimal transport and
Schrodinger bridges

¢ Active research on solution methods and
new applications
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