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Topics

 Introduction to distributions and flows
 Optimal control and dynamic 

programming
 Stochastic systems
 Connection to optimal transport
 Schrödinger bridges



Caveats

 Very active ML research area
 Can only cover a few basic topics
 My ignorance about other topics
 Physicist POV, sacrificing mathematical 

rigor for intuition
 Additional resources at KIAS,

e.g. Dohyun Kwon, Yungkyun Noh, …



Success of Generative AI
Forward diffusion process

Reverse diffusion process

Normalizing flow models



Gen AI paradigm

 AI approaches to model data distribution and generate 
new samples as opposed to discriminative models
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x̂ ⇠ ⇢(x)

Dataset Model distribution Sample distribution



Data density distributions

Probability density function
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x 2 RN

 Analyzing data distributions in high dimensional feature 
spaces is critical to AI and ML



Multiple data distributions

 How to compare and align different distributions?



Two data distributions

 Given samples from two datasets with no other 
information about relations, how to compare them?
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Unpaired data translation

 How to map correspondences between two data distributions?

Outline of the course

We introduce basics Schrödinger bridges.

Goal of the course:
I Introduce the Schrödinger bridge (SB) problem.
I Present algorithms to solve the SB problem.

Outline of the course
I A dynamic and static Schrödinger bridges.
I Convergence of the Sinkhorn algorithm.

Figure 2: A Schrödinger Bridge between two data distributions. Image
extracted from De Bortoli et al. (2021).
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De Bortoli et. al. (2021)
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Optimal transport

Monge-Kantorovich:
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min
⇢(x,y)

Z
dx dy ⇢(x, y)c(x, y)

<latexit sha1_base64="cWJ8MFHhn1GNMFZpcRnzIZ0HjRY=">AAACBHicbVDLSgMxFM34rPU16rKbYBFakDIjUrsRCm5cVrAP6JSSSdM2NJMMSUY6DF248VfcuFDErR/hzr8x085CWw9cODnnXnLv8UNGlXacb2ttfWNzazu3k9/d2z84tI+OW0pEEpMmFkzIjo8UYZSTpqaakU4oCQp8Rtr+5Cb12w9EKir4vY5D0gvQiNMhxUgbqW8XPMq1J8eiND2Py4MYXsP01XdK03LfLjoVZw64StyMFEGGRt/+8gYCRwHhGjOkVNd1Qt1LkNQUMzLLe5EiIcITNCJdQzkKiOol8yNm8MwoAzgU0hTXcK7+nkhQoFQc+KYzQHqslr1U/M/rRnpY6yWUh5EmHC8+GkYMagHTROCASoI1iw1BWFKzK8RjJBHWJre8CcFdPnmVtC4qbrVSvbss1mtZHDlQAKegBFxwBergFjRAE2DwCJ7BK3iznqwX6936WLSuWdnMCfgD6/MHqHaWyw==</latexit>Z
⇢(x, y)dy = ⇢0(x)

<latexit sha1_base64="vNpL258bWdi7N3QWn/zKwToE9IE=">AAACBHicbVDLSgMxFM34rPU16rKbYBFakDIjUrsRCm5cVrAP6JSSSdM2NJMMSUY6DF248VfcuFDErR/hzr8x085CWw9cODnnXnLv8UNGlXacb2ttfWNzazu3k9/d2z84tI+OW0pEEpMmFkzIjo8UYZSTpqaakU4oCQp8Rtr+5Cb12w9EKir4vY5D0gvQiNMhxUgbqW8XPMq1J8eiND2Py4MpvIbpq++W4nLfLjoVZw64StyMFEGGRt/+8gYCRwHhGjOkVNd1Qt1LkNQUMzLLe5EiIcITNCJdQzkKiOol8yNm8MwoAzgU0hTXcK7+nkhQoFQc+KYzQHqslr1U/M/rRnpY6yWUh5EmHC8+GkYMagHTROCASoI1iw1BWFKzK8RjJBHWJre8CcFdPnmVtC4qbrVSvbss1mtZHDlQAKegBFxwBergFjRAE2DwCJ7BK3iznqwX6936WLSuWdnMCfgD6/MHqfKWzA==</latexit>Z
⇢(x, y)dx = ⇢1(y)

Constrained
marginals:
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 Optimize joint distribution to find correspondences 
between marginal distributions
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Image style transfer

Picasso Dürer Matisse Kandinsky Klimt

Figure 2: Examples of the effect of different content images on the same style, and vice-versa

while drastically differing in pixel space.

To increase utility of style transfer as an artistic tool,
it is important that users can easily and intuitively control
the algorithm’s output. We extend our formulation to allow
region-to-region constraints on style transfer (e.g., ensuring
that hair in the content image is stylized using clouds in the
style image) and point-to-point constraints (e.g., ensuring
that the eye in the content image is stylized in the same way
as the eye in a painting).

We quantitatively compare our method to prior work
using human evaluations gathered from 662 workers on
Amazon Mechanical Turk (AMT). Workers evaluated con-
tent preservation and stylization quality separately. Work-
ers were shown two algorithms’ output for the same in-
puts in addition to either the content or style input, then
asked which has more similar content or style respectively
to the displayed input. In this way are able to quantify
the performance of each algorithm along both axes. By
evaluate our method and prior work for multiple hyper-
parameter settings, we also measure the trade-off within
each method between stylization and content preservation
as hyper-parameters change. Our results indicate that for
any desired level of content preservation, our method pro-
vides higher quality stylization than prior work.

2 Methods

Like the original Neural Style Transfer algorithm pro-
posed by Gatys et al. [4] our method takes two inputs, a
style image IS and a content image IC , and uses the gradi-
ent descent variant RMSprop [11] to minimize our proposed
objective function (equation 1) with respect to the output
image X .

L(X, IC , IS) =
αℓC + ℓm + ℓr +

1
α
ℓp

2 + α+ 1
α

(1)

We describe the content term of our loss αℓC in Sec-
tion 2.2, and the style term ℓm + ℓr +

1
α
ℓp in Section 2.3.

The hyper-parameter α represents the relative importance
of content preservation to stylization. Our method is itera-
tive; let X(t) refer to the stylized output image at timestep
t. We describe our initialization X(0) in Section 2.5.

2.1 Feature Extraction

Both our style and content loss terms rely upon extract-
ing a rich feature representation from an arbitrary spatial lo-
cation. In this work we use hypercolumns [21, 8] extracted
from a subset of layers of VGG16 trained on ImageNet [26].
Let Φ(X)i be the tensor of feature activations extracted
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 Map distribution of image content features with distribution 
of image style features

Kolkin et. al. (2019)



Dynamic transport

 We also want to understand how samples move (interpolate) 
between distributions.
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Dynamic flows

 Dynamical motion of particles described by 
velocity flows and differential equations

Velocity flow field

Particle motion described by
differential equation:
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v(x)
<latexit sha1_base64="AKGoiUzVzQr4kJE9SfX90tWgy1k=">AAACFHicbVDLSsNAFJ34rPEVdelmsAiCUBKRWlwV3LiSKvYBTSyT6aQdOsmEmUmlhH6EG3/FjQtF3Lpw5984abOwrQcuHM65l3vv8WNGpbLtH2NpeWV1bb2wYW5ube/sWnv7DckTgUkdc8ZFy0eSMBqRuqKKkVYsCAp9Rpr+4Crzm0MiJOXRvRrFxAtRL6IBxUhpqWOdDi9h6oZI9X0f3o0fbqAraK+vkBD80Zx1OlbRLtkTwEXi5KQIctQ61rfb5TgJSaQwQ1K2HTtWXoqEopiRsekmksQID1CPtDWNUEikl06eGsNjrXRhwIWuSMGJ+nciRaGUo9DXndmRct7LxP+8dqKCipfSKE4UifB0UZAwqDjMEoJdKghWbKQJwoLqWyHuI4Gw0jmaOgRn/uVF0jgrOeVS+fa8WK3kcRTAITgCJ8ABF6AKrkEN1AEGT+AFvIF349l4NT6Mz2nrkpHPHIAZGF+/hmCd2Q==</latexit>

v : RN ! RN

<latexit sha1_base64="orDW9u3Ckc0BFdTTAGCSSVpZtYg=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0Wom5KI1G6EghuXFewD2hAmk2k7dDIJMzfFEvonblwo4tY/ceffOG2z0NYDl3s4517mzgkSwTU4zrdV2Njc2t4p7pb29g8Oj+zjk7aOU0VZi8YiVt2AaCa4ZC3gIFg3UYxEgWCdYHw39zsTpjSP5SNME+ZFZCj5gFMCRvJtO3zyAd/iScX0yxCwb5edqrMAXiduTsooR9O3v/phTNOISaCCaN1znQS8jCjgVLBZqZ9qlhA6JkPWM1SSiGkvW1w+wxdGCfEgVqYk4IX6eyMjkdbTKDCTEYGRXvXm4n9eL4VB3cu4TFJgki4fGqQCQ4znMeCQK0ZBTA0hVHFzK6YjoggFE1bJhOCufnmdtK+qbq1ae7guN+p5HEV0hs5RBbnoBjXQPWqiFqJogp7RK3qzMuvFerc+lqMFK985RX9gff4A4eSSgg==</latexit>

dxt = v(xt)dt



Reverse diffusion models

 Score function is a time-dependent velocity flow mapping 
from standard Gaussian distribution to source distribution

<latexit sha1_base64="+G3QeMZB36SuSL4UBTmt8IAZ/nw=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1fNLTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO1tj9I=</latexit>

⇢0(x)

<latexit sha1_base64="lBk2vxVtqbPuPYgyoUFWzPOYCyU=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqpiQitRuh4MaVVLAPaEKYTKft0MlMmJmIJXThxl9x40IRt36EO//GSZuFth64cDjnXu69J4wZVdpxvq2V1bX1jc3CVnF7Z3dv3z44bCuRSExaWDAhuyFShFFOWppqRrqxJCgKGemE46vM79wTqajgd3oSEz9CQ04HFCNtpMAueXIkArfycAovYepFSI8wYvBmapTALjtVZwa4TNyclEGOZmB/eX2Bk4hwjRlSquc6sfZTJDXFjEyLXqJIjPAYDUnPUI4iovx09sQUnhilDwdCmuIaztTfEymKlJpEoenMrlSLXib+5/USPaj7KeVxognH80WDhEEtYJYI7FNJsGYTQxCW1NwK8QhJhLXJrWhCcBdfXibts6pbq9Zuz8uNeh5HAZTAMagAF1yABrgGTdACGDyCZ/AK3qwn68V6tz7mrStWPnME/sD6/AFUqZaa</latexit>

⇢1(x) = N (x)

Score function:
<latexit sha1_base64="JY56Q5S3sKRte4OD9A8PuUApZOg=">AAACBnicbVBNS0JBFJ1nX2ZfVssIhiRQCHkvwtwEQpuWBvkBPpF546iD82YeM/eJIq7a9FfatCiibb+hXf+m8WNR2oELh3Pu5d57gkhwA6777STW1jc2t5LbqZ3dvf2D9OFR1ahYU1ahSihdD4hhgktWAQ6C1SPNSBgIVgv6t1O/NmDacCUfYBSxZki6knc4JWClVvp0kIWLYQ7fYF+SQBBfqC72dU+1IDvMtdIZN+/OgFeJtyAZtEC5lf7y24rGIZNABTGm4bkRNMdEA6eCTVJ+bFhEaJ90WcNSSUJmmuPZGxN8bpU27ihtSwKeqb8nxiQ0ZhQGtjMk0DPL3lT8z2vE0Ck2x1xGMTBJ54s6scCg8DQT3OaaURAjSwjV3N6KaY9oQsEml7IheMsvr5LqZd4r5Av3V5lScRFHEp2gM5RFHrpGJXSHyqiCKHpEz+gVvTlPzovz7nzMWxPOYuYY/YHz+QPwrJeD</latexit>

v(t, x) = r log ⇢t(x)



Control

 Controlling flow from one distribution to another is 
analogous to steering individual particles to goal positions

<latexit sha1_base64="+G3QeMZB36SuSL4UBTmt8IAZ/nw=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1fNLTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO1tj9I=</latexit>

⇢0(x)
<latexit sha1_base64="3pSgENWg2MXiYbOLS68xLT2iJp0=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1QtKTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO70j9M=</latexit>

⇢1(x)

<latexit sha1_base64="qwm4cPkUWnyEp0R2eDqTpxsQ2+Q=">AAAB7XicbVBNSwMxEM36WetX1aOXYBEqSNkVqT0WvHisYD+gXUo2zbax2WRJZotl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzglhwA6777aytb2xubed28rt7+weHhaPjplGJpqxBlVC6HRDDBJesARwEa8eakSgQrBWMbmd+a8y04Uo+wCRmfkQGkoecErBSc1yCy6eLXqHolt058CrxMlJEGeq9wle3r2gSMQlUEGM6nhuDnxINnAo2zXcTw2JCR2TAOpZKEjHjp/Nrp/jcKn0cKm1LAp6rvydSEhkziQLbGREYmmVvJv7ndRIIq37KZZwAk3SxKEwEBoVnr+M+14yCmFhCqOb2VkyHRBMKNqC8DcFbfnmVNK/KXqVcub8u1qpZHDl0is5QCXnoBtXQHaqjBqLoET2jV/TmKOfFeXc+Fq1rTjZzgv7A+fwBxLSOlg==</latexit>

v(t, x)



Discrete time system
Discrete time deterministic dynamical system:

<latexit sha1_base64="FIVRqBRurb2h0UuIWLJaehVF0Gg=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCh1oSkdqLUPDisUK/oA1ls9m2SzfZsDsRS+hf8eJBEa/+EW/+G7dtDtr6YODx3gwz8/xYcA2O823lNja3tnfyu4W9/YPDI/u42NYyUZS1qBRSdX2imeARawEHwbqxYiT0Bev4k7u533lkSnMZNWEaMy8ko4gPOSVgpIFdBHyLnbJb7otAgi43L92BXXIqzgJ4nbgZKaEMjYH91Q8kTUIWARVE657rxOClRAGngs0K/USzmNAJGbGeoREJmfbSxe0zfG6UAA+lMhUBXqi/J1ISaj0NfdMZEhjrVW8u/uf1EhjWvJRHcQIsostFw0RgkHgeBA64YhTE1BBCFTe3YjomilAwcRVMCO7qy+ukfVVxq5Xqw3WpXsviyKNTdIYukItuUB3dowZqIYqe0DN6RW/WzHqx3q2PZWvOymZO0B9Ynz/popJq</latexit>

t = 0, 1, . . . , T � 1

<latexit sha1_base64="gTTzLA7pzbjssheS7tFIiLedf40=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUlEapcFN66kin1AU8tkOmmHTiZhZiKWUPBX3LhQxK3f4c6/cdJmoa0HBg7n3Ms9c/yYM6Ud59taWl5ZXVsvbBQ3t7Z3du29/aaKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NFl5rceqFQsEnd6HNNuiAeCBYxgbaSeffjY08hjAqVeiPXQ99Ht5P66Z5ecsjMFWiRuTkqQo96zv7x+RJKQCk04VqrjOrHuplhqRjidFL1E0RiTER7QjqECh1R102n8CToxSh8FkTRPaDRVf2+kOFRqHPpmMsuo5r1M/M/rJDqodlMm4kRTQWaHgoQjHaGsC9RnkhLNx4ZgIpnJisgQS0y0aaxoSnDnv7xImmdlt1Ku3JyXatW8jgIcwTGcggsXUIMrqEMDCKTwDK/wZj1ZL9a79TEbXbLynQP4A+vzB2YclRw=</latexit>

xt 2 RN
<latexit sha1_base64="v+w0u8ouVvPWhjEXD4bwNRfFu5Q=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoiUrssuHEjVLEPaGqZTCft0MkkzEyEEgr+ihsXirj1O9z5N07aLLT1wMDhnHu5Z44fc6a043xbhZXVtfWN4mZpa3tnd8/eP2ipKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x9fZX77kUrFInGvJzHthXgoWMAI1kbq20dJXyOPCZR6IdYj30d304ebvl12Ks4MaJm4OSlDjkbf/vIGEUlCKjThWKmu68S6l2KpGeF0WvISRWNMxnhIu4YKHFLVS2fxp+jUKAMURNI8odFM/b2R4lCpSeibySyjWvQy8T+vm+ig1kuZiBNNBZkfChKOdISyLtCASUo0nxiCiWQmKyIjLDHRprGSKcFd/PIyaZ1X3GqlentRrtfyOopwDCdwBi5cQh2uoQFNIJDCM7zCm/VkvVjv1sd8tGDlO4fwB9bnD1/QlRg=</latexit>

ut 2 RMState vectors: Control actions:

<latexit sha1_base64="AifEsNmf2r8tO8K+c/UirLIhsgk=">AAACBnicbZDLSgMxFIYzXmu9jboUIViESkuZEandCAU3LivYC7RlyKSZNjRzITkjLUNXbnwVNy4UceszuPNtTNtZaOsPgY//nMPJ+d1IcAWW9W2srK6tb2xmtrLbO7t7++bBYUOFsaSsTkMRypZLFBM8YHXgIFgrkoz4rmBNd3gzrTcfmFQ8DO5hHLGuT/oB9zgloC3HPBk5CRTsCb7GIwdwAXt5KGoq4tiBc8fMWSVrJrwMdgo5lKrmmF+dXkhjnwVABVGqbVsRdBMigVPBJtlOrFhE6JD0WVtjQHymusnsjAk+004Pe6HULwA8c39PJMRXauy7utMnMFCLtan5X60dg1fpJjyIYmABnS/yYoEhxNNMcI9LRkGMNRAquf4rpgMiCQWdXFaHYC+evAyNi5JdLpXvLnPVShpHBh2jU5RHNrpCVXSLaqiOKHpEz+gVvRlPxovxbnzMW1eMdOYI/ZHx+QPotZbW</latexit>

xt+1 = xt + f(t, xt, ut)

<latexit sha1_base64="hLeIyDuePCMh6sMk3OMf9RgviUQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KolI7UUoePFYwX5AG8pmu2mXbjZhdyKW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl3321lb39jc2i7sFHf39g8OS0fHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmtx+5NiJWDzhJuB/RoRKhYBSt1H7qZ3jjTvulsltx5yCrxMtJGXI0+qWv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/Nz52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYljzM6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtoQvOWXV0nrsuJVK9X7q3K9lsdRgFM4gwvw4BrqcAcNaAKDMTzDK7w5ifPivDsfi9Y1J585gT9wPn8AKgePcQ==</latexit>xt=0

<latexit sha1_base64="5w6fKeGGRxR8tcZVBjA4GXBf8rQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KolI7UUoePFYwX5AG8pmu2mXbjZhdyKW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl3321lb39jc2i7sFHf39g8OS0fHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmtx+5NiJWDzhJuB/RoRKhYBSt1H7qZ3jjTfulsltx5yCrxMtJGXI0+qWv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/Nz52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYljzM6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtoQvOWXV0nrsuJVK9X7q3K9lsdRgFM4gwvw4BrqcAcNaAKDMTzDK7w5ifPivDsfi9Y1J585gT9wPn8AK4yPcg==</latexit>xt=1

<latexit sha1_base64="zltyl5+h4P3hJoJ1JpWcKciKDwA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGibkIAS8eI5gHJEuYnUySIbOzy0yvGJZ8hBcPinj1e7z5N06SPWhiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZko0Yw3WSQj3Qmo4VIo3kSBkndizWkYSN4OJrdzv/3ItRGResBpzP2QjpQYCkbRSu2nfoo3lVm/WHLL7gJknXgZKUGGRr/41RtELAm5QiapMV3PjdFPqUbBJJ8VeonhMWUTOuJdSxUNufHTxbkzcmGVARlG2pZCslB/T6Q0NGYaBrYzpDg2q95c/M/rJjis+alQcYJcseWiYSIJRmT+OxkIzRnKqSWUaWFvJWxMNWVoEyrYELzVl9dJq1L2quXq/VWpXsviyMMZnMMleHANdbiDBjSBwQSe4RXenNh5cd6dj2VrzslmTuEPnM8fLRGPcw==</latexit>xt=2

<latexit sha1_base64="+vrdLEaCqEY28ZCoJnxUaIZ3WR8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqxFyEgBePEcwDkiXMTibJkNnZZaZXDEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2UaMYbLJKRbgfUcCkUb6BAydux5jQMJG8F49uZ33rk2ohIPeAk5n5Ih0oMBKNopdZTL8Wby2mvWHLL7hxklXgZKUGGeq/41e1HLAm5QiapMR3PjdFPqUbBJJ8WuonhMWVjOuQdSxUNufHT+blTcmaVPhlE2pZCMld/T6Q0NGYSBrYzpDgyy95M/M/rJDio+qlQcYJcscWiQSIJRmT2O+kLzRnKiSWUaWFvJWxENWVoEyrYELzll1dJ86LsVcqV+6tSrZrFkYcTOIVz8OAaanAHdWgAgzE8wyu8ObHz4rw7H4vWnJPNHMMfOJ8/LpaPdA==</latexit>xt=3

<latexit sha1_base64="MzdzIQYgMwPMbL2R3hLzxU+zfWc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEai9CwYvHCvYD2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek7u533ni2ohYPeI04X5ER0qEglG0UicdZHjrzgblilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tzp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYlj3M6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10n7qurVqrWH60qjnsdRhDM4h0vw4AYacA9NaAGDCTzDK7w5ifPivDsfy9aCk8+cwh84nz8laY9u</latexit>ut=0 <latexit sha1_base64="ISNQct2EUE4jPmEMJPhFmGn4v9A=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEai9CwYvHCvYD2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek7u533ni2ohYPeI04X5ER0qEglG0UicdZHjrzQblilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tzp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYlj3M6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10n7qurVqrWH60qjnsdRhDM4h0vw4AYacA9NaAGDCTzDK7w5ifPivDsfy9aCk8+cwh84nz8m7o9v</latexit>ut=1
<latexit sha1_base64="Hnc0is20A4Jj2tZExigq/IVIr2g=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR2otQ8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut7OxubW9s1vYK+4fHB4dl05O2yZONeMtFstYdwNquBSKt1Cg5N1EcxoFkneCyd3c7zxxbUSsHnGacD+iIyVCwShaqZMOMrytzgalsltxFyDrxMtJGXI0B6Wv/jBmacQVMkmN6Xlugn5GNQom+azYTw1PKJvQEe9ZqmjEjZ8tzp2RS6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYlj3M6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtoQvNWX10m7WvFqldrDdblRz+MowDlcwBV4cAMNuIcmtIDBBJ7hFd6cxHlx3p2PZeuGk8+cwR84nz8oc49w</latexit>ut=2

<latexit sha1_base64="830oTMbGFzwo3KPkstuqnStd3r4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUai9CwYvHCtYW2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8ePZo41Yy3WCxj3Qmo4VIo3kKBkncSzWkUSN4Oxrczv/3EtRGxesBJwv2IDpUIBaNopXbaz/DmctovV9yqOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu6UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMO6nwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEoeL6perVq7v6o06nkcRTiBUzgHD66hAXfQhBYwGMMzvMKbkzgvzrvzsWgtOPnMMfyB8/kDKfiPcQ==</latexit>ut=3

 Dynamics describe evolution of state vectors in time



Optimal control
<latexit sha1_base64="FIVRqBRurb2h0UuIWLJaehVF0Gg=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCh1oSkdqLUPDisUK/oA1ls9m2SzfZsDsRS+hf8eJBEa/+EW/+G7dtDtr6YODx3gwz8/xYcA2O823lNja3tnfyu4W9/YPDI/u42NYyUZS1qBRSdX2imeARawEHwbqxYiT0Bev4k7u533lkSnMZNWEaMy8ko4gPOSVgpIFdBHyLnbJb7otAgi43L92BXXIqzgJ4nbgZKaEMjYH91Q8kTUIWARVE657rxOClRAGngs0K/USzmNAJGbGeoREJmfbSxe0zfG6UAA+lMhUBXqi/J1ISaj0NfdMZEhjrVW8u/uf1EhjWvJRHcQIsostFw0RgkHgeBA64YhTE1BBCFTe3YjomilAwcRVMCO7qy+ukfVVxq5Xqw3WpXsviyKNTdIYukItuUB3dowZqIYqe0DN6RW/WzHqx3q2PZWvOymZO0B9Ynz/popJq</latexit>

t = 0, 1, . . . , T � 1
<latexit sha1_base64="gTTzLA7pzbjssheS7tFIiLedf40=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUlEapcFN66kin1AU8tkOmmHTiZhZiKWUPBX3LhQxK3f4c6/cdJmoa0HBg7n3Ms9c/yYM6Ud59taWl5ZXVsvbBQ3t7Z3du29/aaKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NFl5rceqFQsEnd6HNNuiAeCBYxgbaSeffjY08hjAqVeiPXQ99Ht5P66Z5ecsjMFWiRuTkqQo96zv7x+RJKQCk04VqrjOrHuplhqRjidFL1E0RiTER7QjqECh1R102n8CToxSh8FkTRPaDRVf2+kOFRqHPpmMsuo5r1M/M/rJDqodlMm4kRTQWaHgoQjHaGsC9RnkhLNx4ZgIpnJisgQS0y0aaxoSnDnv7xImmdlt1Ku3JyXatW8jgIcwTGcggsXUIMrqEMDCKTwDK/wZj1ZL9a79TEbXbLynQP4A+vzB2YclRw=</latexit>

xt 2 RN
<latexit sha1_base64="v+w0u8ouVvPWhjEXD4bwNRfFu5Q=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoiUrssuHEjVLEPaGqZTCft0MkkzEyEEgr+ihsXirj1O9z5N07aLLT1wMDhnHu5Z44fc6a043xbhZXVtfWN4mZpa3tnd8/eP2ipKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x9fZX77kUrFInGvJzHthXgoWMAI1kbq20dJXyOPCZR6IdYj30d304ebvl12Ks4MaJm4OSlDjkbf/vIGEUlCKjThWKmu68S6l2KpGeF0WvISRWNMxnhIu4YKHFLVS2fxp+jUKAMURNI8odFM/b2R4lCpSeibySyjWvQy8T+vm+ig1kuZiBNNBZkfChKOdISyLtCASUo0nxiCiWQmKyIjLDHRprGSKcFd/PIyaZ1X3GqlentRrtfyOopwDCdwBi5cQh2uoQFNIJDCM7zCm/VkvVjv1sd8tGDlO4fwB9bnD1/QlRg=</latexit>

ut 2 RMState vectors: Control actions:

<latexit sha1_base64="hLeIyDuePCMh6sMk3OMf9RgviUQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KolI7UUoePFYwX5AG8pmu2mXbjZhdyKW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl3321lb39jc2i7sFHf39g8OS0fHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmtx+5NiJWDzhJuB/RoRKhYBSt1H7qZ3jjTvulsltx5yCrxMtJGXI0+qWv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/Nz52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYljzM6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtoQvOWXV0nrsuJVK9X7q3K9lsdRgFM4gwvw4BrqcAcNaAKDMTzDK7w5ifPivDsfi9Y1J585gT9wPn8AKgePcQ==</latexit>xt=0Given initial state and controls

we can compute states

Finite time horizon cost:

 Problem of optimal control is to find sequence
that minimizes 

<latexit sha1_base64="t4ubuRBSEItFL6a1V+i/MdzkghU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXSi2eCl48VuiXtEvJptk2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uY3Nreye/W9jbPzg8Kh6ftHWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJndzv/NElWaRbJppTH2BR5KFjGBjpcdkkLq3zStvNiiW3LK7AFonXkZKkKExKH71hxFJBJWGcKx1z3Nj46dYGUY4nRX6iaYxJhM8oj1LJRZU++ni4Bm6sMoQhZGyJQ1aqL8nUiy0norAdgpsxnrVm4v/eb3EhDU/ZTJODJVkuShMODIRmn+PhkxRYvjUEkwUs7ciMsYKE2MzKtgQvNWX10n7uuxVy9WHSqley+LIwxmcwyV4cAN1uIcGtICAgGd4hTdHOS/Ou/OxbM052cwp/IHz+QPMro+9</latexit>u0:T�1

<latexit sha1_base64="Ns1/Ndz2vsMUJme/6uWIM4PsBuE=">AAACCXicbZDLSsNAFIYnXmu9RV26GSyCi1oSkVoEoeDGZYXeoA1hMp20QyeTMBehhG7d+CpuXCji1jdw59s4abPQ1h8GPv5zDmfOHySMSuU439bK6tr6xmZhq7i9s7u3bx8ctmWsBSYtHLNYdAMkCaOctBRVjHQTQVAUMNIJxrdZvfNAhKQxb6pJQrwIDTkNKUbKWL4NtZ86181zd3qjfaesfbfcZ4NYSYNpZvt2yak4M8FlcHMogVwN3/7qD2KsI8IVZkjKnuskykuRUBQzMi32tSQJwmM0JD2DHEVEeunskik8Nc4AhrEwjys4c39PpCiSchIFpjNCaiQXa5n5X62nVVjzUsoTrQjH80WhZlDFMIsFDqggWLGJAYQFNX+FeIQEwsqEVzQhuIsnL0P7ouJWK9X7y1K9lsdRAMfgBJwBF1yBOrgDDdACGDyCZ/AK3qwn68V6tz7mrStWPnME/sj6/AH/eZie</latexit>u0:T�1 = u0, u1, . . . , uT�1

<latexit sha1_base64="KfV0eIx8QR6hLXRGKpqXebBznOo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKxOAp4MVjhLwgWcLspJMMmZ1dZmbFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz328ltbG5t7+R3C3v7B4dHxeOTlo4SxbDJIhGpTkA1Ci6xabgR2IkV0jAQ2A4md3O//YhK80g2zDRGP6QjyYecUWOl9lM/9W4bs36x5JbdBcg68TJSggz1fvGrN4hYEqI0TFCtu54bGz+lynAmcFboJRpjyiZ0hF1LJQ1R++ni3Bm5sMqADCNlSxqyUH9PpDTUehoGtjOkZqxXvbn4n9dNzLDqp1zGiUHJlouGiSAmIvPfyYArZEZMLaFMcXsrYWOqKDM2oYINwVt9eZ20rspepVx5uC7VqlkceTiDc7gED26gBvdQhyYwmMAzvMKbEzsvzrvzsWzNOdnMKfyB8/kD9cWPTw==</latexit>x1:T

<latexit sha1_base64="AifEsNmf2r8tO8K+c/UirLIhsgk=">AAACBnicbZDLSgMxFIYzXmu9jboUIViESkuZEandCAU3LivYC7RlyKSZNjRzITkjLUNXbnwVNy4UceszuPNtTNtZaOsPgY//nMPJ+d1IcAWW9W2srK6tb2xmtrLbO7t7++bBYUOFsaSsTkMRypZLFBM8YHXgIFgrkoz4rmBNd3gzrTcfmFQ8DO5hHLGuT/oB9zgloC3HPBk5CRTsCb7GIwdwAXt5KGoq4tiBc8fMWSVrJrwMdgo5lKrmmF+dXkhjnwVABVGqbVsRdBMigVPBJtlOrFhE6JD0WVtjQHymusnsjAk+004Pe6HULwA8c39PJMRXauy7utMnMFCLtan5X60dg1fpJjyIYmABnS/yYoEhxNNMcI9LRkGMNRAquf4rpgMiCQWdXFaHYC+evAyNi5JdLpXvLnPVShpHBh2jU5RHNrpCVXSLaqiOKHpEz+gVvRlPxovxbnzMW1eMdOYI/ZHx+QPotZbW</latexit>

xt+1 = xt + f(t, xt, ut)

<latexit sha1_base64="IE49de4jMPjlXPZBFn6VHiHSeNU="></latexit>

J(x0, u0:T�1) = �(xT ) +
T�1X

t=0

R(t, xt, ut)

<latexit sha1_base64="e3HK6EMgEo4ZnOAo2jWrn9b1gMg=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAYhgoZdkRg8BbyIpwh5QbIss5PZZMjsg5nZYFjyJ148KOLVP/Hm3zhJ9qCJBQ1FVTfdXV7MmVSW9W3k1tY3Nrfy24Wd3b39A/PwqCWjRBDaJBGPRMfDknIW0qZiitNOLCgOPE7b3uhu5rfHVEgWhQ01iakT4EHIfEaw0pJrmg+lJ9e6SNzUum1c2tNz1yxaZWsOtErsjBQhQ901v3r9iCQBDRXhWMqubcXKSbFQjHA6LfQSSWNMRnhAu5qGOKDSSeeXT9GZVvrIj4SuUKG5+nsixYGUk8DTnQFWQ7nszcT/vG6i/KqTsjBOFA3JYpGfcKQiNIsB9ZmgRPGJJpgIpm9FZIgFJkqHVdAh2Msvr5LWVdmulCuP18VaNYsjDydwCiWw4QZqcA91aAKBMTzDK7wZqfFivBsfi9ackc0cwx8Ynz8bnZIC</latexit>

J(x0, u0:T�1)



Naïve algorithm

Evaluate cost function over
all possible control vectors:

Time complexity:

 Exponential time complexity is intractable for most 
problems

<latexit sha1_base64="Ns1/Ndz2vsMUJme/6uWIM4PsBuE=">AAACCXicbZDLSsNAFIYnXmu9RV26GSyCi1oSkVoEoeDGZYXeoA1hMp20QyeTMBehhG7d+CpuXCji1jdw59s4abPQ1h8GPv5zDmfOHySMSuU439bK6tr6xmZhq7i9s7u3bx8ctmWsBSYtHLNYdAMkCaOctBRVjHQTQVAUMNIJxrdZvfNAhKQxb6pJQrwIDTkNKUbKWL4NtZ86181zd3qjfaesfbfcZ4NYSYNpZvt2yak4M8FlcHMogVwN3/7qD2KsI8IVZkjKnuskykuRUBQzMi32tSQJwmM0JD2DHEVEeunskik8Nc4AhrEwjys4c39PpCiSchIFpjNCaiQXa5n5X62nVVjzUsoTrQjH80WhZlDFMIsFDqggWLGJAYQFNX+FeIQEwsqEVzQhuIsnL0P7ouJWK9X7y1K9lsdRAMfgBJwBF1yBOrgDDdACGDyCZ/AK3qwn68V6tz7mrStWPnME/sj6/AH/eZie</latexit>u0:T�1 = u0, u1, . . . , uT�1

<latexit sha1_base64="F4hHIoxRNVPEEiwUsJppm8K2ADk=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBahXkoiUnssePGkFfoFbSyb7aZdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZubX1jcyu/XdjZ3ds/sA+PWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2x9czv/1EpWKRaOhJTL0QDwULGMHaSJ270m0/eWic9+2iU3bmQKvEzUgRMtT79ldvEJEkpEITjpXquk6svRRLzQin00IvUTTGZIyHtGuowCFVXjq/d4rOjDJAQSRNCY3m6u+JFIdKTULfdIZYj9SyNxP/87qJDqpeykScaCrIYlGQcKQjNHseDZikRPOJIZhIZm5FZIQlJtpEVDAhuMsvr5LWRdmtlCv3l8VaNYsjDydwCiVw4QpqcAN1aAIBDs/wCm/Wo/VivVsfi9aclc0cwx9Ynz/z5Y8/</latexit>

O(NT
u )

<latexit sha1_base64="IE49de4jMPjlXPZBFn6VHiHSeNU="></latexit>

J(x0, u0:T�1) = �(xT ) +
T�1X

t=0

R(t, xt, ut)

<latexit sha1_base64="5KvjvnG90YpIQxjzZZKIMGoqvPs=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WooCURqcVVwY24qtAXtCFMppM6dDIJMxOxhKzd+CtuXCji1i9w5984bYNo64ELh3Pu5d57vIhRqSzry8gtLC4tr+RXC2vrG5tb5vZOS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre8HLst++IkDTkDTWKiBOgAac+xUhpyTX3ewHlbhK7iXXROLHTFF6X7l3r+Ec4cs2iVbYmgPPEzkgRZKi75mevH+I4IFxhhqTs2laknAQJRTEjaaEXSxIhPEQD0tWUo4BIJ5m8ksJDrfShHwpdXMGJ+nsiQYGUo8DTnQFSt3LWG4v/ed1Y+VUnoTyKFeF4usiPGVQhHOcC+1QQrNhIE4QF1bdCfIsEwkqnV9Ah2LMvz5PWadmulCs3Z8VaNYsjD/bAASgBG5yDGrgCddAEGDyAJ/ACXo1H49l4M96nrTkjm9kFf2B8fAM/AZir</latexit>

min
u0:T�1

J(x0, u0:T�1)



Principle of optimality

 Principle of Optimality: An optimal policy has the 
property that whatever the initial state and initial decision 
are, the remaining decisions must constitute an optimal 
policy with regard to the state resulting from the first 
decision. (Bellman, 1957, Chap. III.3.)



Dynamic programming

 Dijkstra’s algorithm recursively computes cost-to-go 
function to determine shortest paths



Optimal cost-to-go

Optimal cost-to-go (value) function:

Solves optimal control problem from an intermediate time and states
until terminal time T

<latexit sha1_base64="IE49de4jMPjlXPZBFn6VHiHSeNU="></latexit>

J(x0, u0:T�1) = �(xT ) +
T�1X

t=0

R(t, xt, ut)

<latexit sha1_base64="5+wLuk60l6PKENr/JkJGVdXT+Qo="></latexit>

V (t, xt) = min
ut:T�1

"
�(xT ) +

T�1X

s=t

R(s, xs, us)

#

<latexit sha1_base64="rD3twYUOQqG0ZoFA9Op9jF4PWZ8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahBSmJSO1FKHjxWKFf0Iay2W7bpZtN2N2UltB/4sWDIl79J978N27bHLT1wcDjvRlm5vkRZ0o7zreV2dre2d3L7ucODo+OT+zTs6YKY0log4Q8lG0fK8qZoA3NNKftSFIc+Jy2/PHDwm9NqFQsFHU9i6gX4KFgA0awNlLPtpuF+vW0iO5RNxqxwrTYs/NOyVkCbRI3JXlIUevZX91+SOKACk04VqrjOpH2Eiw1I5zOc91Y0QiTMR7SjqECB1R5yfLyOboySh8NQmlKaLRUf08kOFBqFvimM8B6pNa9hfif14n1oOIlTESxpoKsFg1ijnSIFjGgPpOUaD4zBBPJzK2IjLDERJuwciYEd/3lTdK8KbnlUvnpNl+tpHFk4QIuoQAu3EEVHqEGDSAwgWd4hTcrsV6sd+tj1Zqx0plz+APr8wfIrZHO</latexit>

V (T, x) = �(x)
<latexit sha1_base64="GiXRd3kEhz53Hbf7aZILTX+l70E=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vQQi2JSC2CUOjGZYW+oC1hMp22QyeTMDORlpC9G3/FjQtF3PoD7vwbp20W2nrgwuGce7n3HjdgVCrL+jZSG5tb2zvp3cze/sHhkXl80pJ+KDBpYp/5ouMiSRjlpKmoYqQTCII8l5G2O6nN/fYDEZL6vKFmAel7aMTpkGKktOSY2VbeKk4L8Bb2PMqdKHQi66ZxYccxrOWnxdBRBcfMWSVrAbhO7ITkQIK6Y371Bj4OPcIVZkjKrm0Fqh8hoShmJM70QkkChCdoRLqacuQR2Y8Wv8TwXCsDOPSFLq7gQv09ESFPypnn6k4PqbFc9ebif143VMNKP6I8CBXheLloGDKofDgPBg6oIFixmSYIC6pvhXiMBMJKx5fRIdirL6+T1mXJLpfK91e5aiWJIw3OQBbkgQ2uQRXcgTpoAgwewTN4BW/Gk/FivBsfy9aUkcycgj8wPn8A9DOYdw==</latexit>

V (0, x) = min
u0:T�1

C(x, ut)



Bellman equation
Recursion relation:

 This is called the Bellman equation which can compute 
the optimal cost-to-go for all intermediate times and states

<latexit sha1_base64="t8Iqjy4dJmeTWzOKlJEV+tYLguk="></latexit>

= min
ut

"
R(t, xt, ut) + min

ut+1:T�1

 
�(xT ) +

T�1X

s=t+1

R(s, xs, us)

!#

<latexit sha1_base64="5+wLuk60l6PKENr/JkJGVdXT+Qo="></latexit>

V (t, xt) = min
ut:T�1

"
�(xT ) +

T�1X

s=t

R(s, xs, us)

#

<latexit sha1_base64="ZnbrnvgtV7fB7ymYrCTPxWrMbs8="></latexit>

= min
ut

[R(t, xt, ut) + V (t+ 1, xt+1)]

<latexit sha1_base64="nBiE1kORPwtYDuRl/26vpPOaJGA="></latexit>

= min
ut

[R(t, xt, ut) + V (t+ 1, xt + f(t, xt, ut))]



Optimal control policy
Initialization:

Backwards:
<latexit sha1_base64="vO2ayFhGkihppl+KxSANyLNBl3c=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4qCURqb0IBS8eK/QL2lA2m027dJMNu5NCCf0nXjwo4tV/4s1/47bNQVsfDDzem2Fmnp8IrsFxvq2Nza3tnd3CXnH/4PDo2D45bWuZKspaVAqpuj7RTPCYtYCDYN1EMRL5gnX88cPc70yY0lzGTZgmzIvIMOYhpwSMNLBtwPe4ee2W+yKQoMvOwC45FWcBvE7cnJRQjsbA/uoHkqYRi4EKonXPdRLwMqKAU8FmxX6qWULomAxZz9CYREx72eLyGb40SoBDqUzFgBfq74mMRFpPI990RgRGetWbi/95vRTCmpfxOEmBxXS5KEwFBonnMeCAK0ZBTA0hVHFzK6YjoggFE1bRhOCuvrxO2jcVt1qpPt2W6rU8jgI6RxfoCrnoDtXRI2qgFqJogp7RK3qzMuvFerc+lq0bVj5zhv7A+vwBCnuR+Q==</latexit>

t = T � 1, . . . , 0

Forwards:
<latexit sha1_base64="a4Lsc1+krO/tpwQ3PIPjHmBdr/w=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4qCURqb0IBS8eK/QL2lA2m027dJMNu5NCCf0nXjwo4tV/4s1/47bNQVsfDDzem2Fmnp8IrsFxvq2Nza3tnd3CXnH/4PDo2D45bWuZKspaVAqpuj7RTPCYtYCDYN1EMRL5gnX88cPc70yY0lzGTZgmzIvIMOYhpwSMNLBtwPfYKfdFIEGXm9fuwC45FWcBvE7cnJRQjsbA/uoHkqYRi4EKonXPdRLwMqKAU8FmxX6qWULomAxZz9CYREx72eLyGb40SoBDqUzFgBfq74mMRFpPI990RgRGetWbi/95vRTCmpfxOEmBxXS5KEwFBonnMeCAK0ZBTA0hVHFzK6YjoggFE1bRhOCuvrxO2jcVt1qpPt2W6rU8jgI6RxfoCrnoDtXRI2qgFqJogp7RK3qzMuvFerc+lq0bVj5zhv7A+vwBC/2R+Q==</latexit>

t = 0, . . . , T � 1
<latexit sha1_base64="p1quApCpRDDAKIGLY9tzDIdRSvA=">AAACJnicbZDLSgMxFIYz9VbrbdSlm2ARWlrKjEjtpiC4calgVWjHIZNm2tDMheSMtAx9Gje+ihsXiog7H8W0HUWrPwS+/OcckvN7seAKLOvdyC0sLi2v5FcLa+sbm1vm9s6VihJJWYtGIpI3HlFM8JC1gINgN7FkJPAEu/YGp5P69R2TikfhJYxi5gSkF3KfUwLacs3m0E2hYo9vOwqIxE08dGHGFb8E1e9bNfmi0rdXLrtm0apZU+G/YGdQRJnOXfO5041oErAQqCBKtW0rBiclEjgVbFzoJIrFhA5Ij7U1hiRgykmna47xgXa62I+kPiHgqftzIiWBUqPA050Bgb6ar03M/2rtBPyGk/IwToCFdPaQnwgMEZ5khrtcMgpipIFQyfVfMe0TSSjoZAs6BHt+5b9wdViz67X6xVHxpJHFkUd7aB+VkI2O0Qk6Q+eohSi6R4/oGb0YD8aT8Wq8zVpzRjazi37J+PgELa6llg==</latexit>

x?
t+1 = x?

t + f(t, x?
t , u

?
t (x

?
t ))

<latexit sha1_base64="rD3twYUOQqG0ZoFA9Op9jF4PWZ8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahBSmJSO1FKHjxWKFf0Iay2W7bpZtN2N2UltB/4sWDIl79J978N27bHLT1wcDjvRlm5vkRZ0o7zreV2dre2d3L7ucODo+OT+zTs6YKY0log4Q8lG0fK8qZoA3NNKftSFIc+Jy2/PHDwm9NqFQsFHU9i6gX4KFgA0awNlLPtpuF+vW0iO5RNxqxwrTYs/NOyVkCbRI3JXlIUevZX91+SOKACk04VqrjOpH2Eiw1I5zOc91Y0QiTMR7SjqECB1R5yfLyOboySh8NQmlKaLRUf08kOFBqFvimM8B6pNa9hfif14n1oOIlTESxpoKsFg1ijnSIFjGgPpOUaD4zBBPJzK2IjLDERJuwciYEd/3lTdK8KbnlUvnpNl+tpHFk4QIuoQAu3EEVHqEGDSAwgWd4hTcrsV6sd+tj1Zqx0plz+APr8wfIrZHO</latexit>

V (T, x) = �(x)

<latexit sha1_base64="O0DhyxQgySn6tMttM6MhtwYHIBY="></latexit>

u?
t (x) = argmin

u
[R(t, x, u) + V (t+ 1, x+ f(t, x, u))]

<latexit sha1_base64="SlhR+PZpZ4UvHZWs5xbNPKCvFxE=">AAACI3icbZBNS0JBFIbn2pfdvqyWbYYkUBS5N8IkCIQ2LS3yA9Rk7jhXB+d+MHNuKOJ/adNfadOikDYt+i/NVRelHRh4eN9zOHNeJxRcgWV9GYm19Y3NreS2ubO7t3+QOjyqqSCSlFVpIALZcIhigvusChwEa4SSEc8RrO4MbmK//sSk4oH/AKOQtT3S87nLKQEtdVJXtQzkh1l8bd7HkI868NhSQGRmmM3iHNZ2zs4Pc25mycuanVTaKlizwqtgLyCNFlXppKatbkAjj/lABVGqaVshtMdEAqeCTcxWpFhI6ID0WFOjTzym2uPZjRN8ppUudgOpnw94pv6eGBNPqZHn6E6PQF8te7H4n9eMwC21x9wPI2A+nS9yI4EhwHFguMsloyBGGgiVXP8V0z6RhIKONQ7BXj55FWrnBbtYKN5dpMulRRxJdIJOUQbZ6BKV0S2qoCqi6Bm9onf0YbwYb8bU+Jy3JozFzDH6U8b3D+I2oB0=</latexit>

V (t, x) = R(t, x, u?
t (x)) + V (t+ 1, x+ f(x, u?

t (x)))



Linear system example

<latexit sha1_base64="2082KdV+2Jo7Gn63Zzqm2r6SBTU=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCEAi7IjEXIerFYwTzgGRZZieTZMjsg5leybLEX/HiQRGvfog3/8ZJsgdNLGgoqrrp7vIiwRVY1reRW1vf2NzKbxd2dvf2D8zDo5YKY0lZk4YilB2PKCZ4wJrAQbBOJBnxPcHa3vh25rcfmVQ8DB4giZjjk2HAB5wS0JJrFiduCmV7enU9cQGX8U3sgmuWrIo1B14ldkZKKEPDNb96/ZDGPguACqJU17YicFIigVPBpoVerFhE6JgMWVfTgPhMOen8+Ck+1UofD0KpKwA8V39PpMRXKvE93ekTGKllbyb+53VjGNSclAdRDCygi0WDWGAI8SwJ3OeSURCJJoRKrm/FdEQkoaDzKugQ7OWXV0nrvGJXK9X7i1K9lsWRR8foBJ0hG12iOrpDDdREFCXoGb2iN+PJeDHejY9Fa87IZoroD4zPHyOkk8c=</latexit>

xt+1 = Axt +But

<latexit sha1_base64="uStjt0bMz835635ABPAzWtKuTJA=">AAACJnicbZBbSwJBGIZnO5qdrC67GZIgkGQ3wrwRBG+61PAEui6z46wOzh6YQyiLv6ab/ko3XRgR3fVTGnWD0j4YeOZ9v4+Z73UjRoU0zU9jY3Nre2c3tZfePzg8Os6cnDZFqDgmDRyykLddJAijAWlIKhlpR5wg32Wk5Y4qc7/1SLigYVCXk4jYPhoE1KMYSS05mVKlNHbqva4MI1hz6ppzXaF8JxYlc9qL69fWdOyIxNeUUz+3B01OJmvmzUXBdbASyIKkqk5m1u2HWPkkkJghITqWGUk7RlxSzMg03VWCRAiP0IB0NAbIJ8KOF2tO4aVW+tALuT6BhAv190SMfCEmvqs7fSSHYtWbi/95HSW9oh3TIFKSBHj5kKcYlCGcZwb7lBMs2UQDwpzqv0I8RBxhqZNN6xCs1ZXXoXmTtwr5Qu02Wy4mcaTAObgAV8ACd6AM7kEVNAAGT+AFzMCb8Wy8Gu/Gx7J1w0hmzsCfMr6+AfZCpXo=</latexit>

C = x>
TQTxT +

T�1X

s=0

x>
s Qxs + u>

s Rus

Quadratic cost function:

 This is called the Linear-Quadratic Regulator (LQR) 
control problem



Riccati equation

Quadratic cost-to-go function:

<latexit sha1_base64="27gBqMqhAYeMjNW5n82gvKq8BIA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqb0IBS8eW2hrpV2WbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTau++0UNja3tneKu6W9/YPDo/LxSVfHqSK0Q2Ieq16INeVM0o5hhtNeoigWIacP4eRu7j88UaVZLNtmmlBf4JFkESPYWOmxGbTRLWoF7aBccavuAmideDmpQI5mUP4aDGOSCioN4Vjrvucmxs+wMoxwOisNUk0TTCZ4RPuWSiyo9rPFwTN0YZUhimJlSxq0UH9PZFhoPRWh7RTYjPWqNxf/8/qpiep+xmSSGirJclGUcmRiNP8eDZmixPCpJZgoZm9FZIwVJsZmVLIheKsvr5PuVdWrVWut60qjnsdRhDM4h0vw4AYacA9N6AABAc/wCm+Ocl6cd+dj2Vpw8plT+APn8wcyoo9Z</latexit>

PT = QT

<latexit sha1_base64="0CFb66LXRxokG7pRgKpqoNzteDo="></latexit>

Pt = Q+A>Pt+1A�A>Pt+1B(R+B>Pt+1B)�1B>Pt+1A

 Recursive solution to Bellman equation for LQR is 
known as the Riccati equation

<latexit sha1_base64="YfwDjFz1ZZA3ATRoZDa44rdxIcM=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQxCBAm7IjEXIeDFYwTzgGRdZieTZMjsg5leybLEX/HiQRGvfog3/8ZJsgdNLGgoqrrp7vIiwRVY1reRW1vf2NzKbxd2dvf2D8zDo5YKY0lZk4YilB2PKCZ4wJrAQbBOJBnxPcHa3vhm5rcfmVQ8DO4hiZjjk2HAB5wS0JJrFltlOJ+cXU8eehBGuOECnrhmyapYc+BVYmekhDI0XPOr1w9p7LMAqCBKdW0rAiclEjgVbFroxYpFhI7JkHU1DYjPlJPOj5/iU6308SCUugLAc/X3REp8pRLf050+gZFa9mbif143hkHNSXkQxcACulg0iAWGEM+SwH0uGQWRaEKo5PpWTEdEEgo6r4IOwV5+eZW0Lip2tVK9uyzVa1kceXSMTlAZ2egK1dEtaqAmoihBz+gVvRlPxovxbnwsWnNGNlNEf2B8/gAd7pPG</latexit>

V (t, x) = x>Ptx

<latexit sha1_base64="EzwDuXolltb58ukLhK2noyn0UcE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUoiUrsRCm5cttAXtDFMppN26GQSZibSEOqvuHGhiFs/xJ1/47TNQlsPXDiccy/33uNFjEplWd9GbmNza3snv1vY2z84PDKPTzoyjAUmbRyyUPQ8JAmjnLQVVYz0IkFQ4DHS9SZ3c7/7SISkIW+pJCJOgEac+hQjpSXXLHbKrcvpxe30YaDCCDbdFpy6ZsmqWAvAdWJnpAQyNFzzazAMcRwQrjBDUvZtK1JOioSimJFZYRBLEiE8QSPS15SjgEgnXRw/g+daGUI/FLq4ggv190SKAimTwNOdAVJjuerNxf+8fqz8mpNSHsWKcLxc5McMqhDOk4BDKghWLNEEYUH1rRCPkUBY6bwKOgR79eV10rmq2NVKtXldqteyOPLgFJyBMrDBDaiDe9AAbYBBAp7BK3gznowX4934WLbmjGymCP7A+PwBvCeThw==</latexit>

V (T, x) = x>QTxInitialization:
<latexit sha1_base64="+IJHcIJDDSFrIl9epTrAd6hyK7o="></latexit>

V (t, x) = min
u

⇥
x>Qx+ u>Ru+ V (t+ 1, Ax+Bu)

⇤



Continuous time
Take the continuous time limit:

<latexit sha1_base64="TSBPABDlkR4+5g4o5XJu7mulV78=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYhAqlJCK1G6HgxmUFe4E2hMlk0g6dXJg5EUvoxldx40IRtz6GO9/GaZuFtv4w8PGfczhzfi8RXIFlfRsrq2vrG5uFreL2zu7evnlw2FZxKilr0VjEsusRxQSPWAs4CNZNJCOhJ1jHG91M650HJhWPo3sYJ8wJySDiAacEtOWax/6jC/gaB2WoaKrg1IVz7INrlqyqNRNeBjuHEsrVdM2vvh/TNGQRUEGU6tlWAk5GJHAq2KTYTxVLCB2RAetpjEjIlJPNDpjgM+34OIilfhHgmft7IiOhUuPQ050hgaFarE3N/2q9FIK6k/EoSYFFdL4oSAWGGE/TwD6XjIIYayBUcv1XTIdEEgo6s6IOwV48eRnaF1W7Vq3dXZYa9TyOAjpBp6iMbHSFGugWNVELUTRBz+gVvRlPxovxbnzMW1eMfOYI/ZHx+QNN4pTs</latexit>

dxt = f(t, xt, ut)dt

<latexit sha1_base64="y3+eGYphMAp0TtscEI9XQueLnuE=">AAACFXicbVDLSgNBEJyNrxhfUY9eBoMQSQi7IjEXIaAHjxHMA5KwzE5mkyGzD2Z6JWHJT3jxV7x4UMSr4M2/cZKsoIkFDUVVN91dTii4AtP8MlIrq2vrG+nNzNb2zu5edv+goYJIUlangQhkyyGKCe6zOnAQrBVKRjxHsKYzvJr6zXsmFQ/8OxiHrOuRvs9dTgloyc4WR3YMhc41E0AwTPAlHtmAC9jNg7agiCMbTn9sO5szS+YMeJlYCcmhBDU7+9npBTTymA9UEKXalhlCNyYSOBVskulEioWEDkmftTX1icdUN559NcEnWulhN5C6fMAz9fdETDylxp6jOz0CA7XoTcX/vHYEbqUbcz+MgPl0vsiNBIYATyPCPS4ZBTHWhFDJ9a2YDogkFHSQGR2CtfjyMmmclaxyqXx7nqtWkjjS6Agdozyy0AWqohtUQ3VE0QN6Qi/o1Xg0no03433emjKSmUP0B8bHNy+QnO8=</latexit>

xt+�t = xt + f(t, xt, ut)�t

Deterministic ODE:

Integrated cost:

 Control problem is to find optimal controls
that minimize cost

<latexit sha1_base64="JFnYSgwhcbrP+73Vce06zUCDY58=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9M1jA7mU2GzM4uM71CCPkLLx4U8erfePNvnCR70MSChqKqm+6uIJHCoOt+O2vrG5tb27md/O7e/sFh4ei4aeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3cz81hPXRsTqHscJ9yM6UCIUjKKVHtLHrkGqS3jRKxTdsjsHWSVeRoqQod4rfHX7MUsjrpBJakzHcxP0J1SjYJJP893U8ISyER3wjqWKRtz4k/nFU3JulT4JY21LIZmrvycmNDJmHAW2M6I4NMveTPzP66QYVv2JUEmKXLHFojCVBGMye5/0heYM5dgSyrSwtxI2pJoytCHlbQje8surpHlZ9irlyt1VsVbN4sjBKZxBCTy4hhrcQh0awEDBM7zCm2OcF+fd+Vi0rjnZzAn8gfP5AyN7kI0=</latexit>

u?(t)

<latexit sha1_base64="9UpTPkXRPnPcRXLDPI1Y6u51mFI="></latexit>

J(x0, u0!T ) = �(xT ) +

Z T

0
d⌧ R(⌧, x(⌧), u(⌧))

<latexit sha1_base64="3R5SPPd/wnFXvXQfTRuYn4D7qeQ=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSkdpjQQ8eK9gPaELZbDft0s0m7E6UEnvwr3jxoIhX/4Y3/43bNgdtfTDweG+GmXlBIrgGx/m2Ciura+sbxc3S1vbO7p69f9DScaooa9JYxKoTEM0El6wJHATrJIqRKBCsHYyupn77ninNY3kH44T5ERlIHnJKwEg9+8i7ZgIIBuwpPhgCUSp+wE7PLjsVZwa8TNyclFGORs/+8voxTSMmgQqiddd1EvAzooBTwSYlL9UsIXREBqxrqCQR0342u3+CT43Sx2GsTEnAM/X3REYircdRYDojAkO96E3F/7xuCmHNz7hMUmCSzheFqcAQ42kYuM8VoyDGhhCquLkV0yFRhIKJrGRCcBdfXiat84pbrVRvL8r1Wh5HER2jE3SGXHSJ6ugGNVATUfSIntErerOerBfr3fqYtxasfOYQ/YH1+QMMiJV3</latexit>

�t ! 0



Hamilton-Jacobi
Value function:

 Hamilton-Jacobi-Bellman (HJB) is a nonlinear PDE that 
solves V(t,x) backwards for all intermediate time and states

Boundary condition:

<latexit sha1_base64="QzObgdkzJeD+Lk9EiX//POcPwl0="></latexit>

V (t, x) = min
u

[R(t, x, u)dt+ V (t+ dt, x+ f(t, x, u)dt)]
<latexit sha1_base64="4e8udH0yThPbVlWmszJCf0XxIrc="></latexit>

⇡ min
u

[R(t, x, u)dt+ V (t, x) + @tV (t, x)dt+ @xV (t, x)f(t, x, u)dt]

<latexit sha1_base64="dkHBz9T2120hj7xuTUo9M8z1O5g=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSK0ICURqb0IBS8eK/QL2lg22027dLMJuxttCf0fXjwo4tX/4s1/47bNQVsfDDzem2FmnhdxprRtf1tr6xubW9uZnezu3v7BYe7ouKnCWBLaICEPZdvDinImaEMzzWk7khQHHqctb3Q781uPVCoWirqeRNQN8EAwnxGsjfTQLNQvxsWbbjRkhXGxl8vbJXsOtEqclOQhRa2X++r2QxIHVGjCsVIdx460m2CpGeF0mu3GikaYjPCAdgwVOKDKTeZXT9G5UfrID6UpodFc/T2R4ECpSeCZzgDroVr2ZuJ/XifWfsVNmIhiTQVZLPJjjnSIZhGgPpOUaD4xBBPJzK2IDLHERJugsiYEZ/nlVdK8LDnlUvn+Kl+tpHFk4BTOoAAOXEMV7qAGDSAg4Rle4c16sl6sd+tj0bpmpTMn8AfW5w+gUZFJ</latexit>

V (T, x) = �(x)

<latexit sha1_base64="a8mYw/oBuu4zkBeWLO8xogVKMjo="></latexit>

�@tV (t, x) = min
u

[R(t, x, u) + @xV (t, x)f(t, x, u)]



Optimal HJB policy
Initialization:

Backwards PDE:

Forwards ODE:

<latexit sha1_base64="rD3twYUOQqG0ZoFA9Op9jF4PWZ8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahBSmJSO1FKHjxWKFf0Iay2W7bpZtN2N2UltB/4sWDIl79J978N27bHLT1wcDjvRlm5vkRZ0o7zreV2dre2d3L7ucODo+OT+zTs6YKY0log4Q8lG0fK8qZoA3NNKftSFIc+Jy2/PHDwm9NqFQsFHU9i6gX4KFgA0awNlLPtpuF+vW0iO5RNxqxwrTYs/NOyVkCbRI3JXlIUevZX91+SOKACk04VqrjOpH2Eiw1I5zOc91Y0QiTMR7SjqECB1R5yfLyOboySh8NQmlKaLRUf08kOFBqFvimM8B6pNa9hfif14n1oOIlTESxpoKsFg1ijnSIFjGgPpOUaD4zBBPJzK2IjLDERJuwciYEd/3lTdK8KbnlUvnpNl+tpHFk4QIuoQAu3EEVHqEGDSAwgWd4hTcrsV6sd+tj1Zqx0plz+APr8wfIrZHO</latexit>

V (T, x) = �(x)
<latexit sha1_base64="mtSYvYbMH6yP1fQMaouyuim51WU=">AAAB+3icbVBNSwMxEM3Wr1q/1nr0EiyCp7IrUnsRCl48VugXtEvJpmkbmk2WZFYtS/+KFw+KePWPePPfmLZ70NYHA4/3ZpiZF8aCG/C8bye3sbm1vZPfLeztHxweucfFllGJpqxJlVC6ExLDBJesCRwE68SakSgUrB1Obud++4Fpw5VswDRmQURGkg85JWClvlsEfIMbPc1HYyBaq0fs9d2SV/YWwOvEz0gJZaj33a/eQNEkYhKoIMZ0fS+GICUaOBVsVuglhsWETsiIdS2VJGImSBe3z/C5VQZ4qLQtCXih/p5ISWTMNAptZ0RgbFa9ufif101gWA1SLuMEmKTLRcNEYFB4HgQecM0oiKklhGpub8V0TDShYOMq2BD81ZfXSeuy7FfKlfurUq2axZFHp+gMXSAfXaMaukN11EQUPaFn9IrenJnz4rw7H8vWnJPNnKA/cD5/AMEUk5o=</latexit>

t = T ! 0
<latexit sha1_base64="ETyHXJ4CKVKj2Tu2WDrpBKHu2+g="></latexit>

ut(x) = argmin
u

[R(t, x, u) + @xV (t, x)f(t, x, u)]
<latexit sha1_base64="RZN93l1iAoXnhqDSdc1vcTrnAYM="></latexit>

�@tV (t, x) = R(t, x, u) + @xV (t, x)f(t, x, u?
t (x))

<latexit sha1_base64="oN3AvuxorneC72DBxRGEgfNQBhU=">AAACHXicbZDLSgMxFIYzXmu9VV26CRahhVJmpNRuhIIblxXsBdo6ZDKZNjRzITkjLUNfxI2v4saFIi7ciG9jelG09YfAl/+cQ3J+JxJcgWl+Giura+sbm6mt9PbO7t5+5uCwocJYUlanoQhlyyGKCR6wOnAQrBVJRnxHsKYzuJzUm3dMKh4GNzCKWNcnvYB7nBLQlp0puUM7gfFtRwGR+AJ7OSgMbZjdC/E35X68fN4FO5M1i+ZUeBmsOWTRXDU7895xQxr7LAAqiFJty4ygmxAJnAo2TndixSJCB6TH2hoD4jPVTabbjfGpdlzshVKfAPDU/T2REF+pke/oTp9AXy3WJuZ/tXYMXqWb8CCKgQV09pAXCwwhnkSFXS4ZBTHSQKjk+q+Y9okkFHSgaR2CtbjyMjTOila5WL4uZauVeRwpdIxOUA5Z6BxV0RWqoTqi6B49omf0YjwYT8ar8TZrXTHmM0foj4yPL5K/ojI=</latexit>

dx?
t = f(t, x?

t , u
?
t (x

?
t ))dt

<latexit sha1_base64="QO/SOynoIA4uloBgY1tt1ZMb7qg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KI1F6EghePFfoFbSib7aZdusmG3YkSQv0rXjwo4tUf4s1/47bNQVsfDDzem2Fmnh8LrsFxvq3CxubW9k5xt7S3f3B4ZB+fdLRMFGVtKoVUPZ9oJnjE2sBBsF6sGAl9wbr+9Hbudx+Y0lxGLUhj5oVkHPGAUwJGGtplwDfYwQPFxxMgSslH3BraFafqLIDXiZuTCsrRHNpfg5GkScgioIJo3XedGLyMKOBUsFlpkGgWEzolY9Y3NCIh0162OH6Gz40ywoFUpiLAC/X3REZCrdPQN50hgYle9ebif14/gaDuZTyKE2ARXS4KEoFB4nkSeMQVoyBSQwhV3NyK6YQoQsHkVTIhuKsvr5POZdWtVWv3V5VGPY+jiE7RGbpALrpGDXSHmqiNKErRM3pFb9aT9WK9Wx/L1oKVz5TRH1ifPxe1k8Q=</latexit>

t = 0 ! T
<latexit sha1_base64="lOHgHF4sOGXheXxkZFt4h2X8P74=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKR2k2h4MZlBfuANobJdNIOnUzCzI20huKvuHGhiFv/w51/4/Sx0NYDFw7n3Mu99wSJ4Boc59taWV1b39jMbeW3d3b39u2Dw4aOU0VZncYiVq2AaCa4ZHXgIFgrUYxEgWDNYHA98ZsPTGkeyzsYJcyLSE/ykFMCRvLt46GfQcUZ33c0EIUreOg72LcLTtGZAi8Td04KaI6ab391ujFNIyaBCqJ123US8DKigFPBxvlOqllC6ID0WNtQSSKmvWx6/RifGaWLw1iZkoCn6u+JjERaj6LAdEYE+nrRm4j/ee0UwrKXcZmkwCSdLQpTgSHGkyhwlytGQYwMIVRxcyumfaIIBRNY3oTgLr68TBoXRbdULN1eFqrleRw5dIJO0Tly0RWqohtUQ3VE0SN6Rq/ozXqyXqx362PWumLNZ47QH1ifP/bGlDw=</latexit>

x?
t=0 = x0



Continuous time LQR

<latexit sha1_base64="68BXhc9oDhG6+8G2gelbQ4DokSU=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEEoSQitRuh6sZlBfuANoTJdNIOnTyYuZGGUH/FjQtF3Poh7vwbp20W2nrgwuGce2fuPV4suALL+jZWVtfWNzYLW8Xtnd29ffPgsKWiRFLWpJGIZMcjigkesiZwEKwTS0YCT7C2N7qd+u1HJhWPwgdIY+YEZBByn1MCWnLNUq8fQTaeXF2PXcBn+CZxwTXLVsWaAS8TOydllKPhml/6FZoELAQqiFJd24rByYgETgWbFHuJYjGhIzJgXU1DEjDlZLPlJ/hEK33sR1JXCHim/p7ISKBUGni6MyAwVIveVPzP6ybg15yMh3ECLKTzj/xEYIjwNAnc55JREKkmhEqud8V0SCShoPMq6hDsxZOXSeu8Ylcr1fuLcr2Wx1FAR+gYnSIbXaI6ukMN1EQUpegZvaI348l4Md6Nj3nripHPlNAfGJ8/2QyUOw==</latexit>

ẋ = Axt +But
<latexit sha1_base64="hWBjmmutNIxO+u21urGfHxID/N8="></latexit>

J = x>
TQTxT +

Z T

0
d⌧ (x>

⌧ Qx⌧ + u>
⌧ Ru⌧ )

<latexit sha1_base64="aT9mK3J5pEkdMMkltbcfSCo6JR0=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQIkjYFYm5CAEvHiOYByTrMjuZTYbMPpjplYQl4K948aCIV7/Dm3/jJNmDJhY0FFXddHd5seAKLOvbyK2srq1v5DcLW9s7u3vm/kFTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW94M/Vbj0wqHoX3MI6ZE5B+yH1OCWjJNY+aJTgfneFrPHroQhTjugt45JpFq2zNgJeJnZEiylB3za9uL6JJwEKggijVsa0YnJRI4FSwSaGbKBYTOiR91tE0JAFTTjo7f4JPtdLDfiR1hYBn6u+JlARKjQNPdwYEBmrRm4r/eZ0E/KqT8jBOgIV0vshPBIYIT7PAPS4ZBTHWhFDJ9a2YDogkFHRiBR2CvfjyMmlelO1KuXJ3WaxVszjy6BidoBKy0RWqoVtURw1EUYqe0St6M56MF+Pd+Ji35oxs5hD9gfH5A9A5lBo=</latexit>

V (t, x) = x>Ptx
<latexit sha1_base64="27gBqMqhAYeMjNW5n82gvKq8BIA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqb0IBS8eW2hrpV2WbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTau++0UNja3tneKu6W9/YPDo/LxSVfHqSK0Q2Ieq16INeVM0o5hhtNeoigWIacP4eRu7j88UaVZLNtmmlBf4JFkESPYWOmxGbTRLWoF7aBccavuAmideDmpQI5mUP4aDGOSCioN4Vjrvucmxs+wMoxwOisNUk0TTCZ4RPuWSiyo9rPFwTN0YZUhimJlSxq0UH9PZFhoPRWh7RTYjPWqNxf/8/qpiep+xmSSGirJclGUcmRiNP8eDZmixPCpJZgoZm9FZIwVJsZmVLIheKsvr5PuVdWrVWut60qjnsdRhDM4h0vw4AYacA9N6AABAc/wCm+Ocl6cd+dj2Vpw8plT+APn8wcyoo9Z</latexit>

PT = QT

<latexit sha1_base64="MpSGffSux1c4xlGBeIfQ0ynVGUc=">AAACInicbVBLTwIxEO7iC/G16tFLIzExMZBdYxAPJoAXj2AESXilWwo0dB9pZ03Iht/ixb/ixYNGPZn4Y+wCBwQn6eTr981kZj4nEFyBZX0biZXVtfWN5GZqa3tnd8/cP6gpP5SUVakvfFl3iGKCe6wKHASrB5IR1xHswRnexPrDI5OK+949jALWcknf4z1OCWiqY15lml0fonIHxvgaF9tN8AOsf/gsTsVMnEv4rh1l7HFpTsWVjpm2stYk8DKwZyCNZlHumJ96FA1d5gEVRKmGbQXQiogETgUbp5qhYgGhQ9JnDQ094jLViiYnjvGJZrq450v9PMATdr4jIq5SI9fRlS6BgVrUYvI/rRFCL9+KuBeEwDw6HdQLBQYfx37hLpeMghhpQKjkeldMB0QSCtrVlDbBXjx5GdTOs3Yum6tcpAv5mR1JdISO0Smy0SUqoFtURlVE0RN6QW/o3Xg2Xo0P42tamjBmPYfoTxg/vwJDoNQ=</latexit>

�Ṗt = A>Pt + PtA� PtBR�1B>Pt +Q

Linear ODE:

Quadratic cost:

Value function:

Initialization:

 Continuous-time Riccati equation is matrix ODE running 
backwards in time



Stochastic dynamics
Stochastic differential equation (SDE) dynamics:

Wiener process (Brownian noise):
<latexit sha1_base64="efC2eLl9H8tn0HcOpHZIwRRBPFU=">AAACCHicbVDLSsNAFJ34rPUVdenCwSJUKCURqV0W3OhGKtgHNCFMJtN26OTBzI1SQpdu/BU3LhRx6ye4829M2iy09cCFwzn3cu89biS4AsP41paWV1bX1gsbxc2t7Z1dfW+/rcJYUtaioQhl1yWKCR6wFnAQrBtJRnxXsI47usz8zj2TiofBHYwjZvtkEPA+pwRSydGPvAcHsKW4jy2fwJASkdxMykbl2qp4cFp09JJRNabAi8TMSQnlaDr6l+WFNPZZAFQQpXqmEYGdEAmcCjYpWrFiEaEjMmC9lAbEZ8pOpo9M8EmqeLgfyrQCwFP190RCfKXGvpt2ZseqeS8T//N6MfTrdsKDKAYW0NmifiwwhDhLBXtcMgpinBJCJU9vxXRIJKGQZpeFYM6/vEjaZ1WzVq3dnpca9TyOAjpEx6iMTHSBGugKNVELUfSIntEretOetBftXfuYtS5p+cwB+gPt8wd71phR</latexit>

dwt ⇠ N (0, I dt)

<latexit sha1_base64="oFgP35/4h3MNZmYmZK3rsvN4NxQ="></latexit>

J(x0, u) =

*
�(xT ) +

Z T

0
d⌧ R(t, xt, ut)

+
Cost becomes an expectation over random variables:

<latexit sha1_base64="wkQXJXmvwsYAVJP+ZknQWnCmkV8=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgRKpYyI1K7EQpuXFawF2jLkMlk2tBMZkjOqKV078ZXceNCEbe+gDvfxvSy0NYfAh//OYeT83ux4Bps+9tKrayurW+kNzNb2zu7e9n9g4aOEkVZnUYiUi2PaCa4ZHXgIFgrVoyEnmBNb3A1qTfvmNI8krcwjFk3JD3JA04JGMvN5vwHF/AlDgpQNFRMXDjxAZ/ijjSI/XsX3GzeLtlT4WVw5pBHc9Xc7FfHj2gSMglUEK3bjh1Dd0QUcCrYONNJNIsJHZAeaxuUJGS6O5reMsbHxvFxECnzJOCp+3tiREKth6FnOkMCfb1Ym5j/1doJBJXuiMs4ASbpbFGQCAwRngSDfa4YBTE0QKji5q+Y9okiFEx8GROCs3jyMjTOSk65VL45z1cr8zjS6AjlUAE56AJV0TWqoTqi6BE9o1f0Zj1ZL9a79TFrTVnzmUP0R9bnD26HmWU=</latexit>

dxt = f(t, xt, ut)dt+ ⌫tdwt



Belief state

SDE dynamics:
<latexit sha1_base64="wkQXJXmvwsYAVJP+ZknQWnCmkV8=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgRKpYyI1K7EQpuXFawF2jLkMlk2tBMZkjOqKV078ZXceNCEbe+gDvfxvSy0NYfAh//OYeT83ux4Bps+9tKrayurW+kNzNb2zu7e9n9g4aOEkVZnUYiUi2PaCa4ZHXgIFgrVoyEnmBNb3A1qTfvmNI8krcwjFk3JD3JA04JGMvN5vwHF/AlDgpQNFRMXDjxAZ/ijjSI/XsX3GzeLtlT4WVw5pBHc9Xc7FfHj2gSMglUEK3bjh1Dd0QUcCrYONNJNIsJHZAeaxuUJGS6O5reMsbHxvFxECnzJOCp+3tiREKth6FnOkMCfb1Ym5j/1doJBJXuiMs4ASbpbFGQCAwRngSDfa4YBTE0QKji5q+Y9okiFEx8GROCs3jyMjTOSk65VL45z1cr8zjS6AjlUAE56AJV0TWqoTqi6BE9o1f0Zj1ZL9a79TFrTVnzmUP0R9bnD26HmWU=</latexit>

dxt = f(t, xt, ut)dt+ ⌫tdwt

<latexit sha1_base64="B95q9VAoErtgcM1CYYBH1GBhZeQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoMQQcKuSMwx4MVjBPOQZAmzk9lkyDyWmVkxLPkKLx4U8ernePNvnCR70MSChqKqm+6uMGZUG8/7dnJr6xubW/ntws7u3v5B8fCopWWiMGliyaTqhEgTRgVpGmoY6cSKIB4y0g7HNzO//UiUplLcm0lMAo6GgkYUI2Olh54aybK5eDrvF0texZvDXSV+RkqQodEvfvUGEiecCIMZ0rrre7EJUqQMxYxMC71EkxjhMRqSrqUCcaKDdH7w1D2zysCNpLIljDtXf0+kiGs94aHt5MiM9LI3E//zuomJakFKRZwYIvBiUZQw10h39r07oIpgwyaWIKyovdXFI6QQNjajgg3BX355lbQuK361Ur27KtVrWRx5OIFTKIMP11CHW2hAEzBweIZXeHOU8+K8Ox+L1pyTzRzDHzifPwc4j+M=</latexit>

⇢(t, x)
Distribution over states:

 Because of stochastic dynamics, need to track 
distribution of states (belief state) over time



Fokker-Planck equation
<latexit sha1_base64="JzzB5PGvQn5MJiS9op49zUKHGdo="></latexit>

@t⇢(t, x) = �r · [⇢(t, x)f(t, x, u)] + 1

2
⌫tr2⇢(t, x)

Continuity equation
(conservation of mass):

Flux:

 Fokker-Planck equation describes time evolution of 
state distribution

<latexit sha1_base64="37R+Jz3gjBYAoqbewkEpSJzfkx4=">AAACBnicbVDJSgNBEO2JW4zbqEcRGoOQQAgzIjEXIeBFPEUwCyRh6On0JE16FrprQsKQkxd/xYsHRbz6Dd78GzvLQRMfFDzeq6KqnhsJrsCyvo3U2vrG5lZ6O7Ozu7d/YB4e1VUYS8pqNBShbLpEMcEDVgMOgjUjyYjvCtZwBzdTvzFkUvEweIBxxDo+6QXc45SAlhzztD1kNLmbOEN8jduyHzqQG+W9HBRGhTjvmFmraM2AV4m9IFm0QNUxv9rdkMY+C4AKolTLtiLoJEQCp4JNMu1YsYjQAemxlqYB8ZnqJLM3JvhcK13shVJXAHim/p5IiK/U2Hd1p0+gr5a9qfif14rBK3cSHkQxsIDOF3mxwBDiaSa4yyWjIMaaECq5vhXTPpGEgk4uo0Owl19eJfWLol0qlu4vs5XyIo40OkFnKIdsdIUq6BZVUQ1R9Iie0St6M56MF+Pd+Ji3pozFzDH6A+PzBz+ol60=</latexit>

~Jv = ⇢t(x)f(t, x, u)
<latexit sha1_base64="ubdDcvQxlLDcXBjPsA5RQdtNqg0=">AAACGHicbVDLSsNAFJ3Ud31VXboZLEJdWJMi1Y0g6EJcVbAPaEqYTCft0MkkzNyIJeQz3Pgrblwo4rY7/8bpY6HVAxcO59zLvff4seAabPvLyi0sLi2vrK7l1zc2t7YLO7sNHSWKsjqNRKRaPtFMcMnqwEGwVqwYCX3Bmv7gauw3H5jSPJL3MIxZJyQ9yQNOCRjJK5y4D4ymt5l3jS/wsRsoQlMnSyuZKxMPsCuJLwh2VT/yoIQfj7xC0S7bE+C/xJmRIpqh5hVGbjeiScgkUEG0bjt2DJ2UKOBUsCzvJprFhA5Ij7UNlSRkupNOHsvwoVG6OIiUKQl4ov6cSEmo9TD0TWdIoK/nvbH4n9dOIDjvpFzGCTBJp4uCRGCI8Dgl3OWKURBDQwhV3NyKaZ+YcMBkmTchOPMv/yWNStmplqt3p8XL81kcq2gfHaASctAZukQ3qIbqiKIn9ILe0Lv1bL1aH9bntDVnzWb20C9Yo2/bpJ8D</latexit>

~JD = �1

2
⌫tr⇢t(x)

<latexit sha1_base64="bqY0zI5zlLN7FaMNcPIHcPp5NPI=">AAACIXicbVDLSgMxFM34tr6qLt0Ei+DGMiNSuxEKbsSVgm2FTil30owNZpIhuVMow/yKG3/FjQtF3Ik/Y1oLPg8EDufcy805USqFRd9/82Zm5+YXFpeWSyura+sb5c2tltWZYbzJtNTmOgLLpVC8iQIlv04NhySSvB3dno799pAbK7S6wlHKuwncKBELBuikXrkexgZYHqZgUICkoRnoHhZfAhb05CBUEEkIWV8jDYec5edFr1zxq/4E9C8JpqRCprjolV/DvmZZwhUyCdZ2Aj/Fbj4+wyQvSmFmeQrsFm54x1EFCbfdfJKwoHtO6dNYG/cU0on6fSOHxNpRErnJBHBgf3tj8T+vk2Fc7+ZCpRlyxT4PxZmLrem4LtoXhjOUI0eAGeH+StkAXGXoSi25EoLfkf+S1mE1qFVrl0eVRn1axxLZIbtknwTkmDTIGbkgTcLIHXkgT+TZu/cevRfv9XN0xpvubJMf8N4/AKq3pGg=</latexit>

@⇢t
@t

= �r · ~J



HJB equation
Value function recursion:

<latexit sha1_base64="io9DH24/T9iFGThL0VFbeIqsEKg="></latexit>

V (t, xt) = min
ut

R(t, xt, ut) + hV (t+ dt, xt+dt)i

<latexit sha1_base64="wBJFU2RWJoUeAqzF4xXT6Kbw7A0="></latexit>

= V (t, xt) + @tV (t, xt)dt+ hdxi@xV (t, xt) +
1

2
hdx2i@2

xV (t, xt)

<latexit sha1_base64="+9FQo3OOTda7QBUTBkQZjO4IwSM=">AAACCHicbZDLSgMxFIYzXut4q7p0YbAIFUqZEandCAU3LivYC7SlZDKZNjSTGZIz0jJ06cZXceNCEbc+gjvfxvSy0NYfAh//OYeT83ux4Boc59taWV1b39jMbNnbO7t7+9mDw7qOEkVZjUYiUk2PaCa4ZDXgIFgzVoyEnmANb3AzqTcemNI8kvcwilknJD3JA04JGKubPWkLInuCYX+I22qK9jUO8lAYFpJzH7rZnFN0psLL4M4hh+aqdrNfbT+iScgkUEG0brlODJ2UKOBUsLHdTjSLCR2QHmsZlCRkupNODxnjM+P4OIiUeRLw1P09kZJQ61Homc6QQF8v1ibmf7VWAkG5k3IZJ8AknS0KEoEhwpNUsM8VoyBGBghV3PwV0z5RhILJzjYhuIsnL0P9ouiWiqW7y1ylPI8jg47RKcojF12hCrpFVVRDFD2iZ/SK3qwn68V6tz5mrSvWfOYI/ZH1+QN1YJhR</latexit>

hdxi = f(t, x, u)dt

<latexit sha1_base64="atvkHB5FIBezGG8qxb2ndSxCyNQ="></latexit>

hV (t+ dt, xt+dt)i =
Z

dxt+dtN (xt+dt|xt, ⌫tdt)V (t+ dt, xt+dt)

<latexit sha1_base64="qNhqnNm2CdOZvpbfZlhWC812xjk="></latexit>

�@tV (t, x) = min
u


R(t, x, u) + f(t, x, u)@xV (t, x) +

1

2
⌫t@

2
xV (x, t)

�

<latexit sha1_base64="nxUCh119+rA2t8DKbgRVjOz89gM=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgbBKuwGiWmEgI1lBPOAbAyzs5NkyOzsMnNXDCGljb9iY6GIrZ9g59842WyhiQcunDnnXube48eCa3Ccbyu3srq2vpHfLGxt7+zu2fsHTR0lirIGjUSk2j7RTHDJGsBBsHasGAl9wVr+6Grmt+6Z0jyStzCOWTckA8n7nBIwUs8+9gSRA8Fw8HBXxp5KH4VL7MmkBziAnl10Sk4KvEzcjBRRhnrP/vKCiCYhk0AF0brjOjF0J0QBp4JNC16iWUzoiAxYx1BJQqa7k/SQKT41SoD7kTIlAafq74kJCbUeh77pDAkM9aI3E//zOgn0q90Jl3ECTNL5R/1EYIjwLBUccMUoiLEhhCpudsV0SBShYLIrmBDcxZOXSbNcciulys15sVbN4sijI3SCzpCLLlANXaM6aiCKHtEzekVv1pP1Yr1bH/PWnJXNHKI/sD5/APK0mKM=</latexit>

hdx2i = ⌫tdt

<latexit sha1_base64="rD3twYUOQqG0ZoFA9Op9jF4PWZ8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahBSmJSO1FKHjxWKFf0Iay2W7bpZtN2N2UltB/4sWDIl79J978N27bHLT1wcDjvRlm5vkRZ0o7zreV2dre2d3L7ucODo+OT+zTs6YKY0log4Q8lG0fK8qZoA3NNKftSFIc+Jy2/PHDwm9NqFQsFHU9i6gX4KFgA0awNlLPtpuF+vW0iO5RNxqxwrTYs/NOyVkCbRI3JXlIUevZX91+SOKACk04VqrjOpH2Eiw1I5zOc91Y0QiTMR7SjqECB1R5yfLyOboySh8NQmlKaLRUf08kOFBqFvimM8B6pNa9hfif14n1oOIlTESxpoKsFg1ijnSIFjGgPpOUaD4zBBPJzK2IjLDERJuwciYEd/3lTdK8KbnlUvnpNl+tpHFk4QIuoQAu3EEVHqEGDSAwgWd4hTcrsV6sd+tj1Zqx0plz+APr8wfIrZHO</latexit>

V (T, x) = �(x)Boundary condition:



Effect of noise

<latexit sha1_base64="JzzB5PGvQn5MJiS9op49zUKHGdo="></latexit>

@t⇢(t, x) = �r · [⇢(t, x)f(t, x, u)] + 1

2
⌫tr2⇢(t, x)

<latexit sha1_base64="PhwDqOENVHKhr568Ni/pL8blln0="></latexit>

�@tV (t, x) = min
u


R(t, x, u) + f(t, x, u) ·rV (t, x) +

1

2
⌫tr2V (x, t)

�

Fokker-Planck (forwards in time):

Hamilton-Jacobi-Bellman (backwards in time):

 PDE evolution of belief state and value function 
contain Laplacian terms describe influence of noise

<latexit sha1_base64="rD3twYUOQqG0ZoFA9Op9jF4PWZ8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahBSmJSO1FKHjxWKFf0Iay2W7bpZtN2N2UltB/4sWDIl79J978N27bHLT1wcDjvRlm5vkRZ0o7zreV2dre2d3L7ucODo+OT+zTs6YKY0log4Q8lG0fK8qZoA3NNKftSFIc+Jy2/PHDwm9NqFQsFHU9i6gX4KFgA0awNlLPtpuF+vW0iO5RNxqxwrTYs/NOyVkCbRI3JXlIUevZX91+SOKACk04VqrjOpH2Eiw1I5zOc91Y0QiTMR7SjqECB1R5yfLyOboySh8NQmlKaLRUf08kOFBqFvimM8B6pNa9hfif14n1oOIlTESxpoKsFg1ijnSIFjGgPpOUaD4zBBPJzK2IjLDERJuwciYEd/3lTdK8KbnlUvnpNl+tpHFk4QIuoQAu3EEVHqEGDSAwgWd4hTcrsV6sd+tj1Zqx0plz+APr8wfIrZHO</latexit>

V (T, x) = �(x)

<latexit sha1_base64="JHIZ0+p8BYi9f4MgLPG+uyBahJU=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQkWoQUpMyK1G6HgxmUFe4F2GDJp2oZmkiHJSMtQ8FXcuFDErc/hzrcx085CW38IfPznHM7JH0SMKu0431ZubX1jcyu/XdjZ3ds/sA+PWkrEEpMmFkzIToAUYZSTpqaakU4kCQoDRtrB+Dattx+JVFTwBz2NiBeiIacDipE2lm+f9ORIlJyLSRnewJR9pzQp+3bRqThzwVVwMyiCTA3f/ur1BY5DwjVmSKmu60TaS5DUFDMyK/RiRSKEx2hIugY5Conykvn5M3hunD4cCGke13Du/p5IUKjUNAxMZ4j0SC3XUvO/WjfWg5qXUB7FmnC8WDSIGdQCplnAPpUEazY1gLCk5laIR0girE1iBROCu/zlVWhdVtxqpXp/VazXsjjy4BScgRJwwTWogzvQAE2AQQKewSt4s56sF+vd+li05qxs5hj8kfX5A0zXk8I=</latexit>

⇢(0, x) = ⇢0(x)



LQG example

Separation Property and 
Certainty Equivalence

•  Separation Property
–  Optimal Control Law and Optimal Estimation Law can be 

derived separately
–  Their derivations are strictly independent

•  Certainty Equivalence Property
–  Separation property plus, ...
–  The Stochastic Optimal Control Law and the Deterministic 

Optimal Control Law are the same
–  The Optimal Estimation Law can be derived separately

•  Linear-quadratic-Gaussian (LQG) control is 
certainty-equivalent

5

The Equations 
(Continuous-Time Model) 

 

!x t( ) = F(t)x(t)+G(t)u(t)+L(t)w(t)
z t( ) = Hx t( ) + n t( )

u t( ) = −C(t)x̂(t)+CF (t)yC (t)

 

!̂x t( ) = F(t)x̂(t)+G(t)u(t)+K t( ) z t( )−Hx̂ t( )⎡⎣ ⎤⎦
= F(t)−G(t)C t( )−K t( )H⎡⎣ ⎤⎦ x̂(t)+G t( )CF (t)yC (t)+K t( )z t( )

 

K t( ) = P(t)HTN−1 t( )
!P(t) = F(t)P(t)+ P(t)FT (t)+L t( )W t( )LT t( )− P(t)HTN−1 t( )HP(t)

 

C t( ) = R−1 t( )GT t( )S t( )
!S t( ) = −Q(t)− F(t)T S t( )− S t( )F(t)+ S t( )G(t)R−1(t)GT (t)S t( )

System State 
and Measurement

Control Law

State Estimate

Estimator Gain and State 
Covariance Estimate

Control Gain and Adjoint 
Covariance Estimate

6

 Linear-Quadratic-Gaussian: Linear dynamics, 
Quadratic cost function, Gaussian (Brownian) noise



Static optimal transport
<latexit sha1_base64="D3Sd/CbMMVkyyblte6hJoq+zhak=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUKHVGpHZZcOOygq2FThkymUwbmkmGJCMdhn6GG3/FjQtF3Hbn35g+EG09EHI4517uvcePGVXatr+s3Nr6xuZWfruws7u3f1A8PGorkUhMWlgwITs+UoRRTlqaakY6sSQo8hl58Ic3U//hkUhFBb/XaUx6EepzGlKMtJG84oUbUe5lrhyI8qiSno+hS7mGwcitBKlbgT8GxLPPK5bsqj0DXCXOgpTAAk2vOHEDgZOIcI0ZUqrr2LHuZUhqihkZF9xEkRjhIeqTrqEcRUT1stlhY3hmlACGQppntpqpvzsyFCmVRr6pjJAeqGVvKv7ndRMd1nsZ5XGiCcfzQWHCoBZwmhIMqCRYs9QQhCU1u0I8QBJhbbIsmBCc5ZNXSfuy6tSqtburUqO+iCMPTsApKAMHXIMGuAVN0AIYPIEX8AberWfr1fqwPuelOWvRcwz+wJp8A+bdnmA=</latexit>

min
⇢(x,y)

Z
dx dy ⇢(x, y)c(x, y)

<latexit sha1_base64="cWJ8MFHhn1GNMFZpcRnzIZ0HjRY=">AAACBHicbVDLSgMxFM34rPU16rKbYBFakDIjUrsRCm5cVrAP6JSSSdM2NJMMSUY6DF248VfcuFDErR/hzr8x085CWw9cODnnXnLv8UNGlXacb2ttfWNzazu3k9/d2z84tI+OW0pEEpMmFkzIjo8UYZSTpqaakU4oCQp8Rtr+5Cb12w9EKir4vY5D0gvQiNMhxUgbqW8XPMq1J8eiND2Py4MYXsP01XdK03LfLjoVZw64StyMFEGGRt/+8gYCRwHhGjOkVNd1Qt1LkNQUMzLLe5EiIcITNCJdQzkKiOol8yNm8MwoAzgU0hTXcK7+nkhQoFQc+KYzQHqslr1U/M/rRnpY6yWUh5EmHC8+GkYMagHTROCASoI1iw1BWFKzK8RjJBHWJre8CcFdPnmVtC4qbrVSvbss1mtZHDlQAKegBFxwBergFjRAE2DwCJ7BK3iznqwX6936WLSuWdnMCfgD6/MHqHaWyw==</latexit>Z
⇢(x, y)dy = ⇢0(x)

<latexit sha1_base64="vNpL258bWdi7N3QWn/zKwToE9IE=">AAACBHicbVDLSgMxFM34rPU16rKbYBFakDIjUrsRCm5cVrAP6JSSSdM2NJMMSUY6DF248VfcuFDErR/hzr8x085CWw9cODnnXnLv8UNGlXacb2ttfWNzazu3k9/d2z84tI+OW0pEEpMmFkzIjo8UYZSTpqaakU4oCQp8Rtr+5Cb12w9EKir4vY5D0gvQiNMhxUgbqW8XPMq1J8eiND2Py4MpvIbpq++W4nLfLjoVZw64StyMFEGGRt/+8gYCRwHhGjOkVNd1Qt1LkNQUMzLLe5EiIcITNCJdQzkKiOol8yNm8MwoAzgU0hTXcK7+nkhQoFQc+KYzQHqslr1U/M/rRnpY6yWUh5EmHC8+GkYMagHTROCASoI1iw1BWFKzK8RjJBHWJre8CcFdPnmVtC4qbrVSvbss1mtZHDlQAKegBFxwBergFjRAE2DwCJ7BK3iznqwX6936WLSuWdnMCfgD6/MHqfKWzA==</latexit>Z
⇢(x, y)dx = ⇢1(y)

Constrained
marginals:

 Minimum gives squared Wasserstein-2 distance between 
two distributions

<latexit sha1_base64="hrcWFeq/IbXeMN2l981RRP7vYlE=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoMQQcKuSMwx4MVjBPOQZAmzk9lkyDyWmVlxCfkKLx4U8ernePNvnCR70MSChqKqm+6uMGZUG8/7dnJr6xubW/ntws7u3v5B8fCopWWiMGliyaTqhEgTRgVpGmoY6cSKIB4y0g7HNzO//UiUplLcmzQmAUdDQSOKkbHSQ0+NZPnpIj3vF0texZvDXSV+RkqQodEvfvUGEiecCIMZ0rrre7EJJkgZihmZFnqJJjHCYzQkXUsF4kQHk/nBU/fMKgM3ksqWMO5c/T0xQVzrlIe2kyMz0sveTPzP6yYmqgUTKuLEEIEXi6KEuUa6s+/dAVUEG5ZagrCi9lYXj5BC2NiMCjYEf/nlVdK6rPjVSvXuqlSvZXHk4QROoQw+XEMdbqEBTcDA4Rle4c1Rzovz7nwsWnNONnMMf+B8/gAO2Y/o</latexit>

⇢(x, y)

Euclidean distance cost:
<latexit sha1_base64="W53HmB8aFZbI5b6asKL75R0fDBI=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqKAlKVK7EQpuXFawF2himUwndehkEmYm0lC6ceOruHGhiFvfwZ1v46TNQlt/GPj4zzmcOb8XMSqVZX0buaXlldW1/HphY3Nre8fc3WvJMBaYNHHIQtHxkCSMctJUVDHSiQRBgcdI2xtepfX2AxGShvxWJRFxAzTg1KcYKW31zENcGp0mJ/ASOqxFhILJ2Qg6IsW7Ss8sWmVrKrgIdgZFkKnRM7+cfojjgHCFGZKya1uRcsdIKIoZmRScWJII4SEakK5GjgIi3fH0igk81k4f+qHQjys4dX9PjFEgZRJ4ujNA6l7O11Lzv1o3Vn7NHVMexYpwPFvkxwyqEKaRwD4VBCuWaEBYUP1XiO+RQFjp4Ao6BHv+5EVoVcp2tVy9OS/Wa1kceXAAjkAJ2OAC1ME1aIAmwOARPINX8GY8GS/Gu/Exa80Z2cw++CPj8wfIpZbY</latexit>

c(x, y) = ky � xk2



Entropy regularization

 Regularization for smooth solutions to optimization

<latexit sha1_base64="vtSAnkJXtx2gkywcFmXOGiafy9c="></latexit>

min
⇢(x,y)

Z
dx dy ⇢(x, y)ky � xk2

<latexit sha1_base64="0Yh3xs7PIk7zBWAAyFJlLrkH0MU="></latexit>

+"DKL[⇢(x, y)k⇢0(x)⇢1(y)]

Outline of the section

In this section:

I We present generative modeling via Schrödinger Bridge (SB).
I We introduce dynamic and static SB.
I We draw links with regularized Optimal Transport (OT).

Figure 3: Entropic regularized OT. Image extracted from Peyré et al. (2019).
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<latexit sha1_base64="+G3QeMZB36SuSL4UBTmt8IAZ/nw=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1fNLTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO1tj9I=</latexit>

⇢0(x)

<latexit sha1_base64="zhmWBXXrMB9I+jsUKn56ar0Kgdc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquSO2x4MVjBfsh7VKyabYNTTZLkhWWpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15SyibcMMp71YUSwCTrvB9Hbud5+o0kxGDyaNqS/wOGIhI9hY6XGgJnLoVdPLYbni1twF0DrxclKBHK1h+WswkiQRNDKEY637nhsbP8PKMMLprDRINI0xmeIx7VsaYUG1ny0OnqELq4xQKJWtyKCF+nsiw0LrVAS2U2Az0aveXPzP6ycmbPgZi+LE0IgsF4UJR0ai+fdoxBQlhqeWYKKYvRWRCVaYGJtRyYbgrb68TjpXNa9eq99fV5qNPI4inME5VMGDG2jCHbSgDQQEPMMrvDnKeXHenY9la8HJZ07hD5zPH/B5j9Q=</latexit>

⇢1(y)



Dynamic formulation

 Rewrite Euclidean cost as minimum over paths with 
constrained endpoints

<latexit sha1_base64="jxmam/SWFm52lAThKtnrr2RzZgo="></latexit>

ky � xk2 =

Z 1

0
dt

Z
Dzt� (zt � [ty + (1� t)x]) kżtk2

<latexit sha1_base64="bXYOKdr+1MML1utGntA/9tQX4Pk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSO2x4MVjBfsB7VKyabYNTbJLkhXq0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJpKequRyWK27NXQCtEy8nFcjRGpa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MWHDT5mME0MlWS4KE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPCUbgrf68jrpXNW8eq1+f11pNvI4inAG51AFD26gCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBhWeN4g==</latexit>

z(t)

<latexit sha1_base64="rl+D0bGTp8IGpAqe9KW682u8TDE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYSCHjxGME8IAlhdjKbDJl9ONMrxiU/4cWDIl79HW/+jZNkD5pY0FBUddPd5UZSaLTtbyuztr6xuZXdzu3s7u0f5A+PmjqMFeMNFspQtV2quRQBb6BAyduR4tR3JW+54+uZ33rgSoswuMNJxHs+HQbCE4yikdqP1aciVu3zfr5gl+w5yCpxUlKAFPV+/qs7CFns8wCZpFp3HDvCXkIVCib5NNeNNY8oG9Mh7xgaUJ/rXjK/d0rOjDIgXqhMBUjm6u+JhPpaT3zXdPoUR3rZm4n/eZ0YvUovEUEUIw/YYpEXS4IhmT1PBkJxhnJiCGVKmFsJG1FFGZqIciYEZ/nlVdK8KDnlUvn2slCrpHFk4QROoQgOXEENbqAODWAg4Rle4c26t16sd+tj0Zqx0plj+APr8wfYTY8s</latexit>

x = z(t = 0)

<latexit sha1_base64="yz+7paYKv0WopXQw+ceDvCaBJvc=">AAAB73icbVBNS8NAEJ34WetX1aOXYBHqpSQitZdCwYvHCvYD2lA22027dLOJuxOhhv4JLx4U8erf8ea/cdvmoK0PBh7vzTAzz48F1+g439ba+sbm1nZuJ7+7t39wWDg6bukoUZQ1aSQi1fGJZoJL1kSOgnVixUjoC9b2xzczv/3IlOaRvMdJzLyQDCUPOCVopM6k9lTCmnvRLxSdsjOHvUrcjBQhQ6Nf+OoNIpqETCIVROuu68TopUQhp4JN871Es5jQMRmyrqGShEx76fzeqX1ulIEdRMqURHuu/p5ISaj1JPRNZ0hwpJe9mfif100wqHopl3GCTNLFoiARNkb27Hl7wBWjKCaGEKq4udWmI6IIRRNR3oTgLr+8SlqXZbdSrtxdFevVLI4cnMIZlMCFa6jDLTSgCRQEPMMrvFkP1ov1bn0sWtesbOYE/sD6/AHbXY8u</latexit>

y = z(t = 1)

<latexit sha1_base64="KHU97AEWg+UBAN0Vw8NUF1IPvMs=">AAACHnicbZDLSgMxFIYzXmu9VV26CRahgpSZorUboeDGZQV7gU47ZNK0Dc1khuSM0A59Eje+ihsXigiu9G1MLwtt/SHw8Z9zkpzfjwTXYNvf1srq2vrGZmorvb2zu7efOTis6TBWlFVpKELV8IlmgktWBQ6CNSLFSOALVvcHN5N6/YEpzUN5D8OItQLSk7zLKQFjeZnLa+wGXHrJKAdnY+xyCZ7ddnAH3HPsihpTgN1OCMlo7BlSE6Nd8DJZO29PhZfBmUMWzVXxMp/mEhoHTAIVROumY0fQSogCTgUbp91Ys4jQAemxpkFJAqZbyXS9MT41Tgd3Q2WOBDx1f08kJNB6GPimMyDQ14u1iflfrRlDt9RKuIxiYJLOHurGAkOIJ1nhDleMghgaIFRx81dM+0QRCibRtAnBWVx5GWqFvFPMF+8usuXSPI4UOkYnKIccdIXK6BZVUBVR9Iie0St6s56sF+vd+pi1rljzmSP0R9bXD1Z5oWY=</latexit>

= min
z(t)

Z 1

0
dt kżtk2



Dynamic density distribution

 Can view time-dependent distribution as marginalization 
across diagonal line in joint distribution function

<latexit sha1_base64="sTraEsp5ky2bcISQ7u1oPIQp780="></latexit>Z
dx dy ⇢(x, y)ky � xk2 =

Z 1

0
dt

Z
Dzt ⇢(t, zt)kżtk2

<latexit sha1_base64="27EuJ0jabNTD/qvukh30VZIVvGk="></latexit>

⇢(t, zt) =

Z
dx dy ⇢(x, y)� (zt � [ty + (1� t)x])

<latexit sha1_base64="+G3QeMZB36SuSL4UBTmt8IAZ/nw=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1fNLTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO1tj9I=</latexit>

⇢0(x)

<latexit sha1_base64="zhmWBXXrMB9I+jsUKn56ar0Kgdc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquSO2x4MVjBfsh7VKyabYNTTZLkhWWpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15SyibcMMp71YUSwCTrvB9Hbud5+o0kxGDyaNqS/wOGIhI9hY6XGgJnLoVdPLYbni1twF0DrxclKBHK1h+WswkiQRNDKEY637nhsbP8PKMMLprDRINI0xmeIx7VsaYUG1ny0OnqELq4xQKJWtyKCF+nsiw0LrVAS2U2Az0aveXPzP6ycmbPgZi+LE0IgsF4UJR0ai+fdoxBQlhqeWYKKYvRWRCVaYGJtRyYbgrb68TjpXNa9eq99fV5qNPI4inME5VMGDG2jCHbSgDQQEPMMrvDnKeXHenY9la8HJZ07hD5zPH/B5j9Q=</latexit>

⇢1(y)

<latexit sha1_base64="EBUqM9aEnn7D/kwVNRGtXXbXaLQ=">AAAB7nicbVBNS8NAEN34WetX1aOXxSJ4KolI7bHgxWMF+wFtKJvtpF262YTdiVBCf4QXD4p49fd489+4aXPQ1gcDj/dmmJkXJFIYdN1vZ2Nza3tnt7RX3j84PDqunJx2TJxqDm0ey1j3AmZACgVtFCihl2hgUSChG0zvcr/7BNqIWD3iLAE/YmMlQsEZWqk7wAkgKw8rVbfmLkDXiVeQKinQGla+BqOYpxEo5JIZ0/fcBP2MaRRcwrw8SA0kjE/ZGPqWKhaB8bPFuXN6aZURDWNtSyFdqL8nMhYZM4sC2xkxnJhVLxf/8/ophg0/EypJERRfLgpTSTGm+e90JDRwlDNLGNfC3kr5hGnG0SaUh+CtvrxOOtc1r16rP9xUm40ijhI5JxfkinjkljTJPWmRNuFkSp7JK3lzEufFeXc+lq0bTjFzRv7A+fwB2w+PPQ==</latexit>

✓
<latexit sha1_base64="QSPlZDUtUMcZuP4aLeedIUdjI+0=">AAAB8nicbVBNSwMxEM36WetX1aOXYBEqSNkVqT0WvHisYD9gu5Rsmm1Ds8mSzAp16c/w4kERr/4ab/4b03YP2vpg4PHeDDPzwkRwA6777aytb2xubRd2irt7+weHpaPjtlGppqxFlVC6GxLDBJesBRwE6yaakTgUrBOOb2d+55Fpw5V8gEnCgpgMJY84JWAlv6dHqgKXT3246JfKbtWdA68SLydllKPZL331BoqmMZNABTHG99wEgoxo4FSwabGXGpYQOiZD5lsqScxMkM1PnuJzqwxwpLQtCXiu/p7ISGzMJA5tZ0xgZJa9mfif56cQ1YOMyyQFJuliUZQKDArP/scDrhkFMbGEUM3trZiOiCYUbEpFG4K3/PIqaV9VvVq1dn9dbtTzOAroFJ2hCvLQDWqgO9RELUSRQs/oFb054Lw4787HonXNyWdO0B84nz+bB5DM</latexit>

⇢(t, zt)



Benamou-Brenier formulation

 Solution is equivalent to Monge-Kantorovich static 
optimal transport problem

<latexit sha1_base64="MNJ57pxbKioIBxbCmZwn4f+lWAc=">AAACI3icbVDLSgMxFM3Ud31VXboJFqEilBmRWgRBcONSwT6gM5Q7acYGM8mQZAplmH9x46+4caGIGxf+i5la8FEvBM4951xu7gkTzrRx3XenNDe/sLi0vFJeXVvf2Kxsbbe1TBWhLSK5VN0QNOVM0JZhhtNuoijEIaed8O6i0DsjqjST4saMExrEcCtYxAgYS/Urp36kgGR+Asow4NhXQ5l/tybHh9gXEHLwyUAaXBsVjgN8ht1+perW3UnhWeBNQRVN66pfefUHkqQxFYZw0LrnuYkJsmIV4TQv+6mmCZA7uKU9CwXEVAfZ5MYc71tmgCOp7BMGT9ifExnEWo/j0DpjMEP9VyvI/7ReaqJmkDGRpIYK8rUoSu3pEheB4QFTlBg+tgCIYvavmAzBhmZsrGUbgvf35FnQPqp7jXrj+rh63pzGsYx20R6qIQ+doHN0ia5QCxF0jx7RM3pxHpwn59V5+7KWnOnMDvpVzscnBSCjxw==</latexit>

@⇢

@t
+r · (v⇢) = 0

<latexit sha1_base64="JHIZ0+p8BYi9f4MgLPG+uyBahJU=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQkWoQUpMyK1G6HgxmUFe4F2GDJp2oZmkiHJSMtQ8FXcuFDErc/hzrcx085CW38IfPznHM7JH0SMKu0431ZubX1jcyu/XdjZ3ds/sA+PWkrEEpMmFkzIToAUYZSTpqaakU4kCQoDRtrB+Dattx+JVFTwBz2NiBeiIacDipE2lm+f9ORIlJyLSRnewJR9pzQp+3bRqThzwVVwMyiCTA3f/ur1BY5DwjVmSKmu60TaS5DUFDMyK/RiRSKEx2hIugY5Conykvn5M3hunD4cCGke13Du/p5IUKjUNAxMZ4j0SC3XUvO/WjfWg5qXUB7FmnC8WDSIGdQCplnAPpUEazY1gLCk5laIR0girE1iBROCu/zlVWhdVtxqpXp/VazXsjjy4BScgRJwwTWogzvQAE2AQQKewSt4s56sF+vd+li05qxs5hj8kfX5A0zXk8I=</latexit>

⇢(0, x) = ⇢0(x)

<latexit sha1_base64="q4a/rZGzJHQfHX6RDoGLKsb2cro=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQkWoQUpMyK1G6HgxmUFe4F2GDJp2oZmkiHJSMtQ8FXcuFDErc/hzrcx085CW38IfPznHM7JH0SMKu0431ZubX1jcyu/XdjZ3ds/sA+PWkrEEpMmFkzIToAUYZSTpqaakU4kCQoDRtrB+Dattx+JVFTwBz2NiBeiIacDipE2lm+f9ORIlNyLSRnewJR9tzQp+3bRqThzwVVwMyiCTA3f/ur1BY5DwjVmSKmu60TaS5DUFDMyK/RiRSKEx2hIugY5Conykvn5M3hunD4cCGke13Du/p5IUKjUNAxMZ4j0SC3XUvO/WjfWg5qXUB7FmnC8WDSIGdQCplnAPpUEazY1gLCk5laIR0girE1iBROCu/zlVWhdVtxqpXp/VazXsjjy4BScgRJwwTWogzvQAE2AQQKewSt4s56sF+vd+li05qxs5hj8kfX5A0/xk8Q=</latexit>

⇢(1, x) = ⇢1(x)

Constraints:

<latexit sha1_base64="Qlwr+pWB/nzM86b+D+KfcUhP+f4="></latexit>

min
(⇢,v)

Z 1

0
dt

Z
1

2
kv(t, x)k2⇢(t, x)dx



Benamou-Brenier dynamics

<latexit sha1_base64="+G3QeMZB36SuSL4UBTmt8IAZ/nw=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1fNLTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO1tj9I=</latexit>

⇢0(x)

<latexit sha1_base64="3pSgENWg2MXiYbOLS68xLT2iJp0=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1QtKTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO70j9M=</latexit>
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dxt = v(t, x)dt
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Optimal control
Lagrangian with constraints:
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 Optimal flow field is gradient of value function 
satisfying HJB equation
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Schrödinger problem (1931/32)

 How to discover forces on hot gas particles consistent 
with observed particle distribution?

Erwin Schrödinger



Schrödinger bridge

 Optimize flow field with Fokker-Planck equation 
constraints and initial and final distributions
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⇢(0, x) = ⇢0(x)
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⇢(1, x) = ⇢1(x)

Constraints:
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Schrödinger bridge dynamics

 Dynamics include prior on flow field and stochastic 
Brownian noise
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⇢1(x)
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dxt = [v0(t, x) + v(t, x)]dt+ ✏tdwt



Entropy regularized solution

 Schrödinger bridge is equivalent to entropy-regularized 
optimal transport
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⇢(1, x) = ⇢1(x)
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Iterative projection methods

Introduction of the algorithm (2/2)

We obtain a sequence of measures ⇡2n(x, y) = ⇡0(x, y)f n0 (x)f n1 (y) and
⇡2n+1(x, y) = ⇡0(x, y)f n0 (x)f n+1

1 (y).
Under mild assumptions we have that

⇡2n+1 = argmin{KL(⇡|⇡2n) : ⇡ 2 P((Rd)2), ⇡1 = ⌫1} ,

⇡2n+2 = argmin{KL(⇡|⇡2n+1) : ⇡ 2 P((Rd)2), ⇡0 = ⌫0} .

The Sinkhorn algorithm amounts to solving half-bridges.
This is an alternate projection scheme w.r.t. the Kullback-Leibler
divergence.

Figure 8: Solving half-bridges. Image extracted from Bernton et al. (2019).
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⇢(0, x) = ⇢0(x)
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⇢(1, x) = ⇢1(x)

 Iterative Proportional Fitting (Sinkhorn) algorithm 
alternatively projects distribution onto initial and final 
marginal constraints (half-bridge solutions)



Applications

Method EMNIST ! MNIST AFHQ-64 Wild ! Cat
FID MSD FID LPIPS

DSBM* 10.59 0.375 – –

Pretrained two-networks model 6.02 0.564 25.97 0.589
(a) iterative finetuning 5.25±0.15 0.345±0.001 25.41±0.84 0.485±0.003
(b) online finetuning 4.28±0.07 0.368±0.001 28.752±1.191 0.487±0.003
(c) online finetuning without EMA 4.23±0.171 0.361±0.002 32.665±0.647 0.445±0.002

Pretrained bidirectional model 6.33 0.572 29.44 0.584
(d) online finetuning 4.39±0.09 0.387±0.003 26.579±0.434 0.482±0.001
(e) online finetuning without EMA 4.57±0.17 0.369±0.003 30.638±1.023 0.451±0.002

Table 1: Results of image translation between EMNIST and MNIST, and AFHQ 64⇥64 between
Wild and Cat domains. DSBM* results are from Shi et al. (2023). Our reimplementation of DSBM
corresponds to row (a). For MNIST and AFHQ models, we used " = 1 and " = 0.752, respectively.
Each finetuning run was done with 5 random seeds, and we report mean scores ± standard deviation.

(a) Cat ! Wild (b) Wild ! Cat

Figure 4: Online DSBM transfer results on AFHQ 256⇥ 256 dataset between Cat and Wild domains.
Top row—initial samples, bottom row—transferred samples.

the AFHQ models. Samples from the models along with the training and evaluation protocols are
given in Appendix K.

Compared to the iterative DSBM, our online finetuning ↵-DSBM reduces the number of tunable
hyperparameters, i.e. inner and outer iterations, refresh rate and the size of the cache for storing
generated samples. This simplifies implementation and makes the algorithm more practical. The
primary remaining hyperparameter, the variance of a Brownian motion ", requires careful tuning as it
influences the trade-off between the visual quality and alignment, as was also observed in Shi et al.
(2023). An appropriate " needs to balance the two: setting " too low results in poor visual quality,
while high values of " cause poorly aligned and oversmoothed samples. Figure 3 illustrates how FID
and MSD metrics vary with " for the case of MNIST. Additionally, it demonstrates the impact of " on
the generated samples for the AFHQ-64 model.

7 Discussion

In this paper we have introduced ↵-Diffusion Schrödinger Bridge Matching (↵-DSBM), a new
methodology to solve Entropic Optimal Transport problems. ↵-DSBM is an improved version
of DSBM, which does not require training multiple DDM-type models. We have shown that a
non-parametric version of this method recovers the Schrödinger Bridge (SB). In addition, ↵-DSBM
is easier to implement than existing SB methodologies while exhibiting similar performance. We
illustrated the efficiency of our algorithm on a variety of unpaired transfer tasks.

While ↵-DSBM solves one of the most critical limitations of DBSM, namely the alternative optimisa-
tion, several issues remain to be addressed in order for the method to scale comparably to generative
DDMs. In particular, the method is not sampling-free, as during training it requires sampling from
the model from the previous iteration to obtain the training data for the current iteration. While it
seems difficult to derive a completely sampling-free method to solve SB problems without resorting
to the Minibatch OT approximation, there is still room for improvement.
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Summary

 Unpaired data translation problem
 Optimal flow control to transport one 

distribution to another distribution
 Relationship between entropy-

regularized optimal transport and 
Schrödinger bridges

 Active research on solution methods and 
new applications
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