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Preliminary

Let K pairs of training samples {(xi , yi )}Ki=1, where xi ∈ RNx is the
training input and yi ∈ RNy is its corresponding output.

Here, Nx and Ny are the number of nodes in the input layer and
output layer, respectively.

Feedforward Neural Network (FFNN)

xℓ = f (zℓ) = f (Wℓxℓ−1 + bℓ) ∈ RNℓ for all ℓ = 1, . . . , L,

where xℓ−1 ∈ RNℓ−1 is the input feature of ℓ-th layer, Wℓ ∈ RNℓ×Nℓ−1 is
the weight matrix, bℓ ∈ RNℓ is the bias vector for each ℓ = 1, . . . , L, and
f (·) is an element-wise activation function.

Weight Initialization

The weight initialization aims to set the initial values of {Wℓ}Lℓ=1 such
that training is efficient and convergence is achieved.
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Preliminary

Question

Why is weight initialization important for training neural networks [1, 2]?

Speeds Up Convergence

Improves Model Performance

Dataset Efficiency

Enables Training Across Various Architecture Sizes
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Motivation

Motivation

Neural networks need diverse nonlinearities [21].

Prior work evaluated 2,913 activation functions [22].

Introduction 6 / 59



Motivation

Could we explore a wider range of activation functions?

Activation functions and weight initialization are interdependent.
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Overview of Weight Initialization Methods

Weight Initialization for ReLU Neural Networks

Orthogonal initialization (Saxe et al., 2014) [13]

He initialization (K. He et al., 2015) [12]

Gaussian submatrix initialization (R. Burkholz et al., 2019) [11]

Randomized asymmetric initialization (L. Lu et al., 2020) [10]

Zero initialization (J. Zhao et al., 2022) [14]

Improved initialization (H, Lee, et al., 2024) [15]

Weight Initialization for Sigmoidal Neural Networks

Xavier initialization (X. Glorot & Y. Bengio, 2010) [9]

EOC initialization (S, Hayou, et al., 2019) [25]

Robust initialization (H, Lee, et al., 2024) [20]

Introduction 8 / 59



Motivation

Activation-aware initialization

Activation functions and initialization are interdependent.

Under standard initializations, trainable activations are limited.

Accordingly, we propose an activation-aware initialization.

Activation families

Activation functions are broadly categorized into two families: sigmoidal
and ReLU like.
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Motivation

Figure 1: Sigmoidal, ReLU like
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Odd-Sigmoid Function

Definition. Odd-Sigmoid Function

A function f : R → R is an odd-sigmoid function if it satisfies:

(i) Regularity: f ∈ C 1(R).
(ii) Odd symmetry: f (−x) = −f (x) for all x ∈ R.
(iii) Boundedness: supx∈R |f (x)| < ∞.

(iv) Strict monotonicity: f ′(x) > 0 for all x ∈ R.
(v) Slope decay: f ′ is strictly decreasing on [0,∞).

Denote the class of all odd-sigmoid functions by F .
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Odd-Sigmoid Function

Figure 2: Examples of odd-sigmoid function.
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Prior Method

Edge of Chaos (EOC) [24]

Mean-field theory for i.i.d. Gaussian initialization w ℓ
ij ∼ N (0, σ2

w/Nℓ) yields
an average gradient amplification factor

χℓ+1 ≈ σ2
w E
[
f ′
(
hℓ+1

)2]
.

If χℓ+1 < 1, gradients vanish (ordered phase); if χℓ+1 > 1, they explode
(chaotic phase). The edge of chaos is the critical curve χℓ+1 ≈ 1, enabling
deep signal/gradient propagation.

EOC Initialization [25]

Choose Gaussian i.i.d. initialization parameters (σ2
w , σ

2
b) on the EOC curve

to improve information propagation and often accelerate training.
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Overview: Beyond Gaussian Initializations

Goal
1 Gaussian initializations: Xavier, LeCun, He, and EOC, etc.

2 Goal: overcome Gaussian initialization limits.

Limitations of Gaussian Initializations
1 Training can fail in deep and narrow networks.

2 Performance is sensitive to the choice of σ.

3 Training can be difficult across diverse activation functions.

Our Approach

1 We propose an initialization for a defined function class, based on a
pitchfork bifurcation, without assuming wide networks.

2 We connect σz to the sign-flip probability.

3 We enable training even for very large-scale activations, such as
1010 tanh(x).
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2. Proposed Method
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The Derivation of the Proposed Method

Question

How to effectively propagate signals to deeper layers in a network?

Simplified analysis of signal propagation in FFNNs

Given an arbitrary input vector x = (x1, . . . , xn), the first layer activation
x1 = f (W1x) can be expressed component-wise as:

x1i = f
(
w1
i1x1 + · · ·+ w1

inxn
)
= f

((
w1
ii +

n∑
j=1
j ̸=i

w1
ij xj

xi

)
xi

)
.

For the k + 1-th layer, i = 1, . . . , n, this expression can be generalized as:

xk+1
i = f

(
ak+1
i xki

)
, where ak+1

i = wk+1
ii +

n∑
j=1
j ̸=i

wk+1
ij xkj

xki
.
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The Derivation of the Proposed Method

Theorem 1.

Suppose f ∈ F with ω := 1/f ′(0), and for a fixed a > 0 define

x0 > 0, xn+1 = f (axn), n = 0, 1, 2, . . . .

Then the sequence {xn} converges for every x0 > 0. Furthermore,

(1) if 0 < a ≤ ω, then xn → 0 as n → ∞.

(2) if a > ω, then xn → ξa as n → ∞.
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The Derivation of the Proposed Method

Figure 3: Convergence of the iteration xn+1 = f (axn) for odd–sigmoid f with
a = ω + ϵ (ϵ ∈ {0.1, 0.2, 0.3, 0.4, 0.5}); curves show xn up to n = 50 from
x0 = 0.1, and ‘×’ marks the positive fixed point ξa solving f (aξa) = ξa.
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The Derivation of the Proposed Method

Figure 4: For each activation f , we iterate xn+1 = f (axn) with a = ω + 0.3 and
ω = 1/f ′(0) from 60 initial values x0 ∈ [−1, 1] up to n = 50; trajectories are
shown (thin lines), and the fixed points ±ξa satisfying f (aξa) = ξa are marked at
n = 50 with ‘×’.
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The Derivation of the Proposed Method

Theorem 2.

Let f ∈ F be an odd–sigmoid activation with ω := 1/f ′(0), and fix any
ε > 0. Consider the feedforward network and the proposed initialization,
except that the diagonal element is set to a0 := ω + ε, and let aℓ+1

i be the
effective gain. Fix a tolerance γ ∈ (0, 1) and a finite depth L ∈ N. Then
there exist a threshold depth L0 ≤ L and a noise threshold σ0 > 0 such
that, for all 0 < σz ≤ σ0,

P
(
(1− γ)σ2

z ≤ Var
(
aℓ+1
i | xℓ

)
≤ (1 + γ)σ2

z

∀ L0 ≤ ℓ < L, 1 ≤ i ≤ Nℓ

)
≥ 1− γ.
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Proposed Weight Initialization

Structured + Noise initialization

Let f ∈ F and ω := 1/f ′(0) > 0. For each layer ℓ,

Wℓ = Dℓ + Zℓ ∈ RNℓ×Nℓ−1 , (Dℓ)ij =

{
ω, i ≡ j (mod Nℓ−1),

0, otherwise,

and

(Zℓ)ij ∼ N
(
0,

σ2
z

Nℓ−1

)
.

Dℓ stabilizes signal propagation.

Zℓ provides flexibility for learning.

Proposed Method 21 / 59



Proposed Weight Initialization

Closed-form calibration of σz (target depth L)

Set the target sign flip rate

p(L) =

{
preal(= 0.4), L ≤ Lth(= 10),

2.05 e−0.133L, L > Lth.

Then calibrate the noise by

σz := σ∗(p(L), L, ω) = − ω

Φ−1
(
1−(1−2p(L))1/L

2

) ,
where Φ is the standard normal cumulative distribution function.

Learning rate band (Adam)

η ∈
[
10−5ω, 10−3ω

]
.
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Proposed Weight Initialization

Lemma 1.

Using the elementwise formulation and employing the proposed weight
initialization, fix an arbitrary layer ℓ and index i such that xℓi ̸= 0. Then,
conditionally on xℓ,

aℓ+1
i ∼ N

(
ω,

σ2
z

Nℓ

(
1 +

∑
j ̸=i

(xℓj
xℓi

)2))
,

and Var(aℓ+1
i ) ≥ σ2

z/Nℓ.

We propose a surrogate model corresponding to the real model in
Lemma 1.
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Proposed Weight Initialization

Figure 5: Best surrogate target ptarget(L) producing an FFNN-driven negative
rate π̃L ≈ 0.4 as a function of depth L for a tanh network with width 64. The
curve shows that ptarget(L) stays near 0.3–0.4 for shallow depths and then decays
approximately exponentially with L, providing an empirical calibration rule for
choosing the surrogate sign flip rate in deep networks.
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Proposed Weight Initialization
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Proposed Weight Initialization
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Proposed Weight Initialization

Figure 6: Validation accuracy as a function of the target negative rate p for a
50-layer fully connected network (width 64) with activation f (x) = tanh(x) under
the proposed initialization. Each point shows the mean ± standard deviation over
5 runs, where each run is trained for 600 iterations, with σ∗(p, L, ω) computed
from the scalar surrogate calibration.
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Proposed Weight Initialization

Figure 7: Validation accuracy as a function of the target negative rate p for a
3-layer fully connected network (width 512) with activation f (x) = tanh(x) under
the proposed initialization. Each point shows the mean ± standard deviation over
5 runs, where each run is trained for 600 iterations, with σ∗(p, L, ω) computed
from the scalar surrogate calibration.
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Comparing Gaussian and Proposed Initializations

Figure 8: Heatmaps of validation accuracy on MNIST as a function of depth L
and noise scale σ for three activations tanh(x), 0.1 tanh(x), and 10 tanh(x). Each
model is a FFNN with width 128 trained with Adam. Each cell shows the mean
validation accuracy over 3 runs. (Top row) Proposed. (Bottom row) EOC.
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Comparing Gaussian and Proposed Initializations

Figure 9: Last layer activation histograms for tanh networks with depth L = 1000
and varying width under the proposed initialization (top row) and the EOC
initialization (bottom row). Each column corresponds to a different hidden
width.
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Comparing Gaussian and Proposed Initializations

Figure 10: Activation range as a function of depth L ∈ {50, 500, 5000, 50000, 105}
for fully connected width 64 networks with activation α tanh(x) under the
Proposed and EOC initializations. Panel (a) uses α = 10−4 and panel (b) uses
α = 103.
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Comparing Gaussian and Proposed Initializations

Figure 11: Layerwise gradient norms at initialization for a tanh FFNN of depth
L = 1000. We set δℓ := ∂L/∂hℓ.
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3. Computational Results
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Experiments with Activations ω ≈ 1 (Dataset Efficiency)
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Experiments with Activations ω ≈ 1 (Network Size)

Figure 12: MNIST validation accuracy versus depth for FFNNs (width 64) with
odd-sigmoid activations and four initializations (Proposed, EOC, Xavier, He).
Each panel fixes one activation and shows the best validation accuracy over 10
epochs for depths L ∈ {20, 50, 100, 150, 200}.
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Experiments with Activations ω ≈ 1 (Network Size)

Figure 13: CIFAR 10 validation accuracy versus depth for FFNNs (width 64) with
odd-sigmoid activations and four initializations (Proposed, EOC, Xavier, He).
Each panel fixes one activation and shows the best validation accuracy over 10
epochs for depths L ∈ {20, 50, 100, 150, 200}.
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Experiments with Activations ω ≈ 1 (Network Size)

Figure 14: Best validation accuracy versus width {10, 48, 128, 150, 200, 512} for a
100 layer tanh FFNN. Each curve shows the Proposed, EOC, Xavier, and He
initialization schemes, and each point corresponds to the best validation accuracy
over 20 training epochs.
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Experiments with Activations ω ̸≈ 1

Corollary 1.

Let f1, f2 ∈ F and let c1, c2 ≥ 0 with (c1, c2) ̸= (0, 0). If g = c1f1 + c2f2,
then g ∈ F . Furthermore, it holds that

1

ωg
=

c1
ωf1

+
c2
ωf2

.

Since F is closed under addition, more generally, any finite sum∑M
j=1 cj fj ∈ F for all cj ≥ 0 with (c1, . . . , cM) ̸= 0 and fj ∈ F .

For
f (x) = tanh(ax) + erf(bx) +

x

1 + |cx |
+ gd(dx), (1)

by Corollary this f is an odd–sigmoid activation ω = 1/(a+ 2√
π
b+ c + d).
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Experiments with Activations ω ̸≈ 1 (Normalization)

Figure 15: Val Acc for the f (x) = tanh(ax) + erf(bx) + x/(1 + |cx |) + gd(dx) in
FFNN with 100 hidden layers of width 64. We compare seven strategies:
Proposed, Xavier, He, EOC, and their BN variants. Each panel uses a different
dataset and a different choice of coefficients (a, b, c, d): (a) (10,1000,10,1), (b)
(100,1000,10,1000)), (c)(1000,100,0.1,0.01).
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Experiments with Activations ω ̸≈ 1 (Learning rate)

Figure 16: Learning rate accuracy curves on MNIST for a 20 layer, width 512
feedforward network with activation f (x) = tanh(αx). Each panel corresponds to
a different activation scale α ∈ {102, 101, 1, 10−1, 10−2, 10−3}. For each learning
rate, we train for 200 iterations on a 1k training subset.
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Experiments with Activations ω ̸≈ 1 (Learning rate)

Figure 17: Learning rate accuracy curves on Fashion MNIST for a 20 layer, width
512 feedforward network with activation f (x) = tanh(αx). Each panel
corresponds to a different activation scale α ∈ {102, 101, 1, 10−1, 10−2, 10−3}.
For each learning rate, we train for 200 iterations on a 1k training subset.

Computational Results 41 / 59



Experiments with Activations ω ̸≈ 1 (Scale)

Figure 18: Examples of odd-sigmoid function.
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Physics-Informed Neural Networks

A Physics-Informed Neural Network (PINN) [19] integrates physical
laws, such as PDEs, into the training process to ensure the model adheres
to these constraints. This approach allows PINNs to solve scientific
problems efficiently, even with limited data.

Total Loss Function

The total loss Ltotal is a weighted sum of all components:

Ltotal = λ1Ldata + λ2Lphysics + λ3Lboundary + λ4Linitial

where λ1, λ2, λ3, λ4 are weights to balance each term.
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Experiments with Activations ω ̸≈ 1 (Scale-PINN)

Black–Scholes Equation

∂V

∂t
+ 1

2σ
2S2 ∂

2V

∂S2
+ rS

∂V

∂S
− rV = 0, S ∈ [0, 1], t ∈ [0, 1].

with the initial condition

V (S , 0) = max(S − K , 0), K = 0.5,

and parameters σ = 0.2, r = 0.05.
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Experiments with Activations ω ̸≈ 1 (Scale-PINN)

Question.

How can we improve line fitting performance in vanilla physics-informed
neural networks?

Figure 19: Predicted vs True
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Experiments with Activations ω ̸≈ 1 (Scale-PINN)

Question.

Would adjusting the range of the activation distribution help with line
fitting?

Figure 20: 0.1tanh(x)

With this smaller scale, the PINN approximation matches the exact
solution better than with the standard tanh(x).
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Experiments with Activations ω ̸≈ 1 (Scale-PINN)
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Experiments with Activations ω ̸≈ 1 (Scale-PINN)
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Experiments with Activations ω ̸≈ 1
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Experiments with Activations ω ̸≈ 1
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5. Future Work
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